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ON THE DEVELOPMENT OF FUNCTIONS IN SERIES 
OF ORTHOGONAL POLYNOMIALS* 


BY J. A. SHOHAT 


Introduction. A function p(x), called the weight or character- 
istic function, non-negative on a given interval (a, b), finite or 
infinite, and such that all moments 


(1) (n = 0,1,2,---), 


exist, with ao>0, gives rise, as is known [1], to a system of 
orthogonal and normal Tchebycheff polynomials (OP) 
(2) p) = ¢,(*) = a,x" +--- (n= 
uniquely determined by the following relations: 

0, 
3) de = = | 


1, m=n, 


(m,n=0,1,---). If G,(x) => denotes an arbitrary poly- 
nomial of degree <s (subject in some cases to certain explicitly 
stated conditions), (2) yields 


(4) f =0, (n =1,2,---). 


The most important and best known OP are the so-called “class- 
ical” polynomials of 


(J) Jacobi: (a, db) finite, say, (— 1, 1); 
p(x) = (1 + — (a, B > 0). 
(5) (L) Laguerre: (a, b) = (0, ©); p(x) = at'e-*, (a > 0). 
(H) Hermite: (a, b) = (— ©); p(x) = 


We note the following important cases of (J): 


* Address delivered by invitation of the Program Committee, at the 
Summer Meeting of the Society, September 6, 1934. 

Here and hereafter means 

t Numbers in brackets refer to the Bibliography at the end, 
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Legendre polynomials (a =8 =0), trigonometric polynomials 
(a=B=1/2). 

The OP have many interesting and increasingly important 
applications in pure analysis, as well as in mathematical physics, 
mathematical statistics, and mechanics. We may mention 
approximate evaluation of definite integrals (mechanical quad- 
ratures), interpolation, curve fitting, certain oscillation prob- 
lems in engineering mechanics, and investigation of certain 
classes of polynomials (for example, monotonic in (a, b)). The 
most important of such applications, which served to introduce 
the general OP in analysis, is their use in expanding arbitrary 
functions in series. In fact, making use of (3), we get the formal 
expansion 


n=0 

of any function f(x), for which the integrals expressing the f, 
exist. We see that (6) is built up in the same manner as the 
trigonometric expansion, the ordinary Fourier series. The latter 
employs the simplest orthogonal sequence {sin NX, COS nx}, 
(n=0, 1,---), while (6) employs orthogonal polynomials, 
which may be considered the next simplest orthogonal functions. 

A fundamental question naturally arising in connection 
with the expansion (6) is that of its convergence. Given the 
sequence { b,(x) } , for what classes of functions f(x) does (6) con- 
verge in (a, b) or in a part thereof? The present paper is devoted 
to a discussion of various methods used in dealing with the 
convergence properties of the expansion (6). It is confined to 
a single real variable and to ordinary convergence. The proofs 
are in general but briefly sketched, if not omitted, our aim being 
to bring out general ideas. The topics treated can be classified 
as follows. 

I. General properties of the expansion (6). 

II. General methods for investigating the convergence of (6). 

(a) Case of continuous functions; use of Weierstrass’ theorem. 

(6) Application of the theory of integral equations. 

(c) Application of the general theory of orthogonal functions; 
Rademacher-Menchoff theorem, Lebesgue constants. 

(d) The use of the asymptotic expression of ¢,(x), (n>) 
(Dirichlet integral) ; equiconvergence. 
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III. Special methods for investigating the convergence of (6). 

(a) From summability to convergence. 

(b) Use of the closure equation. 

(c) Use of the differential equation (for the classical OP). 

(d) Comparison method. 

These methods naturally vary in generality and power. This 
is best illustrated by applying the various methods to expan- 
sions in series of Legendre polynomials, the oldest and the best 
known OP. A comparison of the criteria of convergence thus 
obtained brings out the following fact: the more general the 
method , the less does it utilize the special character of the func- 
tions involved; hence, a gain in generality is accompanied, as a 
rule, by a loss in the preciseness of the results obtained. 

The supreme goal, when dealing with (6), is to show that, 
regarding convergence, it behaves in a certain subinterval of 
(a, b) like the ordinary Fourier series expansion of f(x) or of 
some function simply related to it. This constitutes what we 
call the equiconvergence theorem, of greatest importance in our 
theory. Indeed, we well know the wide range of validity of the 
Fourier series expansion, which makes it such a powerful ana- 
lytical instrument. The classes of OP for which this goal is at- 
tainable are evidently the most interesting, and the method by 
which the goal has been attained is evidently the most powerful 
one. 


I. SoME GENERAL PROPERTIES OF THE EXPANSION (6). 


1. Various Representations of the Remainder in (6). We re- 
write (6) in the form 


(1) fle) =D faba) + Rule) = + 
whence, by use of (3) and (4), it follows that R,(x; G,) =0, 


1= f 0) = f 
(8) 


and, by use of Darboux’s formula [2], 


n 
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K.(z, 9) => 6d2)6d9) 
i=0 


(9) 


an 


K,(x, x) =_K,(x) = — on (x)on41(x) | 


Gn+1 


- > (x). 
i=0 


(10) f) = 


Ont 


Gn(X)bn41(¥) d 
— 7 
f) = F(a) — FO) addy, 


F(x) = f(x) — G,(x), 


2. Bessel Inequality. Closure. The general assumption will 
be now made that f(x) is of the class L, that is, p(x)f?(x) is 
L-integrable in (a, b). (Similarly, f(x) being of the class Lp 
means p(x)f(x) is L-integrable.) A ready application of (3) 
yields 


J - = f - Le, 


which leads to the Bessel inequality: 


? 


=~ f - 


Gn+1 


(12) 


f 0) — Sly; = J 
(13) 
= f — = 0, (n = 0,1,---). 
i=0 


Hence we may write 


(14) converges and is < f 


n=0 
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If in (14) we have the right to use the equality sign, then we have 
the so-called Parseval formula (closure equation), one of the most 
important in the theory of orthogonal functions: 


(15) = f 


where f(x) is of class L,2, and fa=/J p(x)f(x)¢n(x)dx. This, in 
connection with (13), leads to the equation 


(16) f = 000), 0), 
t=n+1 
In the theory of OP it is shown: (i) Parseval’s formula always 
holds for (a, b) finite; (ii) for (a, 6) infinite its validity is inti- 
mately connected with the character, determined or indeter- 
minate, of the moment-problem related to p(x), that is, the prob- 
lem whether the system of infinitely many equations 


fra = f p(x)x"dx (n=0,1,---), 


where the unknown function ¥(x) is monotonic non-decreasing 
in (a, b) with ¥(a) =O (and the left-hand integral is a Stieltjes 
integral), has or has not solutions distinct from the given one: 
v(x) = p(x)dx.* In particular, Parseval’s formula holds for the 
polynomials of Laguerre and Hermite. The validity of Parseval’s 
formula is assumed throughout the subsequent discussion. 


3. Consequences Derived from Parseval’s Formula. We know 
that 


(17) lim f, = 0, 


no 


for any f(x) of the class L?. The set of relations 
(18) f =0, 0,1,---), 


implies (p(x))/2f(x)=0 almost everywhere in (a, b).— In 
other words, two functions having the same Fourier coefficients 


* The sharp distinction between the cases of (a, 6) finite and infinite, as 
stated above, is clearly seen from the following example due to Stieltjes [3]: 
sin (x'/*) xdx=0, (n=0, 1, 2,°°-). 

t If (a, b) is finite, (18) ts valid for any f(x) of the class Ly in (a, 6). In fact, 
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in (6) are equivalent, that is, their difference multiplied by 
(p(x))/? vanishes almost everywhere in (a, b).* 
The product 


(19) (p(x))*S, («5 f) 


converges, for n—> , on the average to (p(x))!/2f(x) on (a, b) [4]. 
It follows that a subsequence (p(x))"/*S,,(x; f) can be extracted 
which converges to (p(x))'/?f(x) in the ordinary sense (",—@ ) 
almost everywhere in (a, b). Hence, if S,(x; f) converges, for 
n—©,on a set Ec (a, b) of positive measure (where we assume 
p(x)#0), it necessarily converges to the value f(x) almost 
everywhere on E. 
We have also 


(20) f p(x) f(x)F(x)dx = > a, 
n=0 
where F is of class L,?, and 


This is readily obtained by applying (15) to f(x)+ F(x). As- 
sume further that 


(21) exists, (c,d) (a,b). 
J. p(x) 


Take in (20), F(x) =1/p(x) in (c, d), and F(x) =0 elsewhere in 
(a, b); then F,, = f°on(x)dx, and we thus obtain the following 
important result: 


d d 
(22) f(x)dx = ¢,(x)dx, 
Ve n=0 c 


which tells us that the expansion (6), whether convergent or not, 
can be integrated term by term in any tnterval (c, d) which is part 


reduce (a, b) to (—1, 1). Put x=cos @ and denote p(cos 6)f(cos 6) by F(6). 
Then pfx) =0, (n=0, 1,--- ), is equivalent to (x)x"dx 
=0 or to F(@) cos (n=0, 1, - - - ). Define F,(@) = in (0,7), and 
F,(0) = — F(—6) in (—x, 0). Then *,F,(0) n0d0=0 for all n=0; hence, by 
the theory of trigonometric series, F,(@)=0 almost everywhere in (—7z, =). 

* Stieljes [3] 
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of (a, b), where (21) ts satisfied,* the convergence in (22) being 
uniform if d varies. 

We now turn again to the remainder R,(x; f) in (6) and as- 
sume, for definiteness, x to be a fixed point inside (a, b). Re- 
write (11) as follows: 


K,(%, =i t+ i+ iz 
) 


(Here and hereafter e denotes a ore small positive quan- 
tity, properly chosen.) In % (similar considerations apply to 73) 
define 


R,(x; f) = 


(23) 


in (a,x—e), W(y)=0 in (x 5). 


Then 


and we thus conclude, by (17), that 


f(x) — fy) 
(24) lim ’) $n(y)dy = 0 
Furthermore, if (a, 5) is finite, then a,/an41 is bounded [1]: 
= O(1). If, in addition, 


(25) = O(1) 

at the given point x, then 


It follows that the behavior of R,(x; f) ‘aliaidas here solely 


* For Legendre polynomials (22) holds for any f(x) of the class L [5]. 
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upon its component 72. The important conclusion resulting from 
the above considerations can be stated as follows. For (a, b) 
finite, the convergence of the expansion (6) to f(x) at a given point x 
where the sequence {@,(x)} remains bounded for n—>© depends 
iol. upon the nature of f(x) in the immediate neighborhood of x 
[6]. 

In other words, if two functions f(x) and f2(x) coincide in an 
arbitrarily small neighborhood (x—e, x+) of the point x, then 


lim [R.(x; fi) — Ra(x; fe) ] = 0, 
lim 1S.(z; fi) Si(x; fe) = 0, 
for R,(x; fi—fe) is here reduced to the components 7 and 4; in 
(23), written for fi(x) —fo(x). 


We now add the further condition that f(x) satisfies a Lip- 
schitz condition in the neighborhood of the point x, that is, 


(x—eS y’, y’ S x +; = const., independent of y’, y’’). 
Define F(y) as follows: 
_ = 10), 


(27) 


(n— 


F(y) n(x—e,x+e), y¥ x, 


= 0 elsewhere in (a, 5), and for y = x. 


Under condition (28), F(y) is seen to be of the class L?, and 
by the same reasoning as applied above to 1,3, we show that 
here lim 72=0, so that lim R,(x; f) =0, (n—«). The same con- 
clusion holds if 


(29) | f(y’) — fr") | S Aly’ — |", with > 1/2, 


where X, y’, y’”’ are as in (28) (Lipschitz condition of order a), 
provided p(x) is bounded in (x—e, x+e€). Thus we have found, 
as an immediate consequence of Parseval’s formula, that the ex- 
pansion (6) converges to f(x) at any point x in the finite interval 
(a, b) in the neighborhood of which f(x) satisfies a Lipschitz condi- 
tion of order 1 (or of order >1/2, if p(x) is bounded in this neigh- 
borhood), provided the sequence {,(x)} is bounded at the point 
x under consideration. 

The latter condition is satisfied for various classes of OP, 
often uniformly in (a+e, b—e), as illustrated by Jacobi poly- 


= 
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nomials. (This is usually established by means of the asymptotic 
expression for ¢,(x).) 


4. Some Extremal Properties of the Expansion (6). By means 
of (3) and (4) we readily derive the following relations: 


= f oro) Dna, 


where the h; denote arbitrary constants; whence, by (13), 


where the equality sign holds only for G,(y) =S,(y;f). This is an 
important extremal property which led Tchebycheff to the 
introduction of the general OP in analysis, considering (6) as 
furnishing interpolation in the sense of least squares. 


II. GENERAL METHODS FOR INVESTIGATING THE CONVERGENCE 
PROPERTIES OF THE EXPANSION (6). 


1. Case of Continuous Functions. The convergence of (6) 
evidently depends upon the order of magnitude (with respect 
to n) of the chosen polynomials ¢,(x) and of the coefficient fp. 
While the former may be investigated once for all, by studying 
the properties of p(x), the latter essentially depends on the 
nature of f(x). We proceed to show that the study of the order of 
fn is readily achieved in the important case where f(x) 1s con- 
tinuous tn the finite interval (a, b). Here one naturally thinks first 
of Weierstrass’ approximation theorem: any function continuous 
in a given finite interval can be therein approximated uniformly 
and indefinitely by means of polynomials of ever increasing 
degrees. Moreover, Tchebycheff has shown, that among all 
polynomials of degree <n, there exists a unique polynomial 
II,,(x;f) of “best approximation” (=E,(f)) to f(x) on (a, b), that is, 


(31) E,(f) = max | f(x) — II,(x; f)| < max | f(x) — G,(x) |, 
(a<x<b), where, by Weierstrass’ theorem, 


(32) lim E,(f) = 0. 


no 


= 
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Here, as in many other problems dealing with continuous func- 
tions, Weierstrass’ theorem proves a powerful and readily ap- 
plicable tool. 

(i) We have, first, by (4), 


(33) 


Hence, applying Schwartz’s inequality and making use of (31), 
we find that 


(34) | fabn(x) | on(x) |. 


While this estimate, resulting from very simple considerations, 
is rather crude, it has the advantage of showing in many cases 
the convergence of (6) directly, without any further discussion. 
In fact, the order of magnitude of £,(f), depending upon the 
continuity properties of f(x), is well known, thanks to the work 
of Lebesgue, de la Vallée-Poussin, S. Bernstein, and Dunham 
Jackson. Thus 


| f(x”) | 2" |*,  (aS2', x” Sb;0<aS1), 
implies E,(f) =O(n-?-*), (p20); 
(35) f(x) continuous in (a, 5) implies E,(f) =0(n-*); 

| | - | log | | (Dini-Lipschitz condition) 

implies E,(f) =o0(1/log m). 
If now the order of ¢,,(x) is known, say 
(36) | n(x) | = O(n") 
for a certain x, then, for the same x, 


(37) | | = O(n" E,1(f)). 


This, combined with (35), enables us to indicate at once classes 
of continuous functions for which (6) converges for the above x. 
If, for example, o=0, 1, then (6) certainly converges (abso- 
lutely) for the above values of x, if the first or the second 


— 


1935-] DEVELOPMENT OF FUNCTIONS 59 


derivative of f(x), respectively, satisfies in (a,b) a Lipschitz 
condition of an arbitrary positive order a, for then 


| | = (a > 0). 


The said convergence is uniform in any interval c (a,b) in 
which | | =O(n’), with o=0, 1. 

(ii) More refined results are obtained from (12), with 
G,(x) =II,(x; f). We thus get, applying Schwartz’s inequality 
to the integral on the right, and using (3) once more, 


(38) | Ra(x;f)| S {1 + (Ka(x))"/2} = 
(39) | Ra(x; f)| = if | = O(n’), 


where —1. We recall that a,/a,,,;=O(1) for (a, 5) finite. 

(iii) Still more refined results can be obtained [7, 8], if we 
again use (12), breaking up the integral on the right somewhat 
along the lines of (23): 


b cte rte b 
a a ct+e I—€, Z+e 


ts, 
(a<cSxSd<b; e,=0(1)(n>0), | o> —1). 


In 7,5, where |x—y| =e, we use Darboux’s formula (9) for 
K,(x, y) and get integrals of the type So(y) | daly) | dy which 
=O0O(1) (by Schwartz’s inequality), so that 


| = O(n"E,(f)). 


In put x—y =u; then 


b—a a 
= O(n” O(Es(f)-n® | log | ). 


Finally, in 7; use K,,(y) =O(n?*+), so that 


By taking e, =n~*, with a properly chosen 6 >0, we can find 
the order of R,(x; f) and the class of continuous functions for 
which lim,... R,(x; f) =0. 

Note. In the case under discussion, by (30) and (16), 
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(a1) 


f=n+1 


A lower bound for E,(f) is of importance in the theory of ap- 
proximation. The relations (40) and (41), for a suitable orthog- 
onal system {bn(x) } , furnish such a lower bound, very accept- 
able for certain classes of functions [9]. 


2. Application of the Theory of Integral Equations. Rewrite 
(3) and (6), respectively, as 


(42) f ®,,(x)&,(x)dx = bmn, (m,n =0,1,---), 
(43) F(a) faba(2), 

n=0 
where 


Ba(x) = (p(x)) F(x) =f(x)(p(x))"?; fa = 


Consider the formal expression 
n(x) bn(y) 


® 


n=0 


(44) K(x, y) = 


where /,, denote constants. For finite (a, b) the positive constants 
l, in (44) may be chosen in infinitely many ways so that its 
right-hand member converges absolutely and uniformly in 
(a, 6). Take, for example, 


= M2n'*«, (a> 0), M, = max | ¢,(x)| in (a, b). 


The same holds for (a, b) infinite, if (p(x)) 1/2| ¢,(x)| does not ex- 
ceed in (a, 5) a finite positive quantity M, for each » (example: 
polynomials of Laguerre and Hermite). We have then, by 
virtue of orthogonality, 


(45) = f (p(y))'?K(x, y)bnly)dy, 


(46) ,,(x) f K(x, y) ®,(y)dy, (n 0, 
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Thus, in cases under consideration, the functions { &,(x)} are 
the fundamental functions for the linear integral equation (46), 
and the expansion (43), which is but a modification of (6), may 
be studied by applying the general theory of linear integral 
equations, more precisely, the Hilbert-Schmidt expansion 
theorem, which in its simplest form can be stated as follows. 
Let K(x, y) bea symmetric continuous kernel in the domain ax, 
y <b, and let w,(x), (n=1, 2, - - - ), denote the corresponding fun- 
damental functions. Any function of the form 


(47) = f K(x, 
where h(x) is square-integrable in (a, b), can be expanded in a 


series according to the w,(x), which converges absolutely and uni- 
formly; the expansion is of the form 


hy 
(48) f(x) onl), 
where 
hk, = f h(y)on(y)dy , 


and where |, denote characteristic numbers. 

However, we encounter here two serious difficulties. First, 
the actual construction of the kernel K(x, y) in (45) and (46), 
depending largely upon the choice of the constants /, in (44), 
is not so easy to carry out even in the simplest cases of Legendre 
and Hermite polynomials [10, 11, 12]; secondly, the criteria for 
convergence of (43) (or (6)) thus obtained are far too strict, 
for the method, due to its very generality, does not utilize 
sufficiently the individual properties of the orthogonal func- 
tions involved. Thus Weyl [11], applying the theory of inte- 
gral equations to the expansion of a given function f(x) accord- 
ing to Hermite functions { e-="4g,, (x) } orthogonal in (— ©, ©), 
finds the said expansion converges if f(x) and f’(x) are continu- 
ous and both integrals {__x*f?(x)dx, exist. These 
criteria are far inferior to those obtained by other methods 
[13, 14]. Even more stringent are the criteria of W. Lebedeff 
[12] obtained by means of a different kernel. The same remark 


—— 


62 J. A. SHOHAT (February, 


applies to the discussion by the said writers of expansions in 
series of Laguerre polynomials. 

A different application of the theory of integral equations to 
OP has been given by N. Kryloff [15]. His main point is the 
following generalized Schmidt’s Lemma. 

Consider a sequence {wa(x)}, (n=0, 1,--- ), of class L?, 
orthogonal and normal in (a, b), for which Parseval’s formula 
holds, that is, for any f(x) of class L?, 


pea jf. = f 


n=0 


If (x) is of class L? and F(x, 2) is such that [F*(x, 2)dz<M 
(independent of z) for any z in (Zo, 21), then 


(49) z)p(x)dx = fre, z)w,(x)dx - f 


and the right-hand member converges absolutely and uniformly for 
Zo S22. (See the Hilbert-Schmidt theorem given above.) 

Suppose now we wish to investigate the convergence of the 
expansion 


(6) f(x) = D faba), f 
n=0 

The ingenious idea of Kryloff is to identify (6) with (49), and 

then to apply the preceding Lemma. Choose, first, F(x, z) and 


the sequence { wn(x) } , then (x), so that 


F(x, 2)wn(x)dx 


II 


¢,(2), (a<z3b), 
(50) 


V(x)wn(x)dx f p(x) (n = 0,1,---). 


If such a choice is possible, the right-hand member in (6) (where 
x is replaced by z) does become identical with that in (49), 
namely, 


= V(x)o,(x)dx - f Fe. z)w,(x)dx. 


n=0 


Hence it converges absolutely and uniformly in (a, b) to the 
value of f(x) (by virtue of (19)), if F(x, z) satisfies the condition 
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of the Lemma. Kryloff applies this method to Jacobi polynom- 
ials in (—1, 1) and shows, on the basis of their differential 
equation (see below, (85)), that such a choice as required by 
(50) is possible, if a, B>1, and the expansion (6) converges 
absolutely and uniformly in (—1, 1), af f(x) and f'(x) are of 
class L?. 


3. Application of the General Theory of Orthogonal Functions. 
This is suggested by the very form of the expansion (43). The 
application in question, in order to attain the utmost in effec- 
tiveness, should be coupled with the special properties of the 
OP involved. 

(i) Use of Rademacher-Menchoff theorem (16, 17]. This gen- 
eral theorem deals with a sequence { wn(x) } of functions ortho- 
gonal and normal in the finite interval (a, b), and tells us that 
the expansion >-"_9C,w,»(x) converges almost everywhere in (a, b), 
if >7_2¢2 log? n converges.* (w,(x) is of class L*.) 

This theorem, applied to (43), shows at once that (43) con- 
verges to (p(x))/?f(x) almost everywhere tn the finite interval (a, b), 
if the coefficients f, are such that >.,°-2f2 log?n converges. The 
latter condition is satisfied in one of the following cases: 

1. 0<p(x) <M, (M finite), or 0< p(x) << M/((x—a) (b—<x))"/?, 
f(x) is of bounded variation in (a, 6) [18]. 

2. p(x) >0; | f(x’) —f(x’")| (a<x’, 
x’’<b)t [19]. The Rademacher-Menchoff theorem lays the 
emphasis on the coefficients f, in the expansion (6). 

(ii) Use of Lebesgue constants. Here the emphasis is placed 
on the orthogonal functions employed. Using the expressions 
(11) and (12) for the remainder R,(x; f) in the expansion (6), we 
are led to introduce the Lebesgue constants: 


Ka(z, 9)| dy, 


= f 


~ Note the presence of the factor log? n. From the mere convergence of 
> n=2¢,2 follows only (by the Riesz-Fischer theorem) the existence of a function 
f(x) of class L? such that ¢n=ff(x)wn(x)dx, (n=0, 
ft And, a fortiori, if f(x) satisfies in (a, b) a Lipschitz condition of an arbitra- 
rily given order a (>0). 


(51) 
Dd | dy, 


i=0 
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where x is given in (a, b), (n=0, 1,--- ), and where 
Pn=Max Pn(X), Bn=max p,(x) fora S x Sb. The symbol max 
here and everywhere means, when necessary, upper bound. 
Hence, if f(x) is bounded in (a, 5), 


(52) | Ra(x;f)| 2Mp,(x) 2Mp,, (a x Sb; | f(x)| < M), 
by (11); and if f(x) is continuous in the finite interval (a, d), 
(53) S + S + pn), 


(ax<x<b), by (12), where G,(x) =II,(x; f). Here p,(x) is the 
upper bound of S,(x; f) for all f(x) such that |f(x)| <1 in 
(a, 6). In fact, for such f(x), 


f 90) 9)| dy = 


Moreover, this upper bound is actually attained by the func- 
tion f(y) =sgn K,,(x, y).* Equation (53), by virtue of (32), shows 
at once that if { pn(x)} is bounded, then (6) converges to the value 
f(x) at the given point x for any continuous f(x), the said con- 
vergence being uniform in any interval c(a, b) where the 
Lebesgue constants remain uniformly bounded (in x and 2). 
On the other hand, if the sequence { p(x) } is unbounded, it 
can be shown, following Haar [20], that there exist continuous 
functions whose expansions (6) diverge at the point x. In any 
case, if the order, with respect to m, of p,(x) or p, is known, 
equation (53), where (a, b) is assumed to be finite, will show 
at a glance for what classes of continuous functions (6) con- 
verges, by means of (35). If, for example, p,(x)=O (log m), 
then (6) converges to f(x) at the given point x, provided f(x) 
satisfies in (a, b) a Dini-Lipschitz condition. In this connection 
it was shown by Rademacher [16] that 


(54) B(x) = O(n'!2(log n)3/2+e) 


almost everywhere in (a, b); hence, (43) converges to (p(x))/?f(x) 
almost everywhere in (a, b) if f(x) satisfies in (a, b) a Lipschitz 
condition of order>1/2. 


* Note that sgna=-+1, —1,0, corresponding toa>0, <0, =0. 
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The above discussion clearly shows the importance of the 
so-called “zero-” or “kernel series” (série-noyau, Kogbetliantz) :* 


n=0 


To illustrate, assume that 
(56) >> ¢,(x)¢.(y) = 0 for x ¥ y, (aScSix,ysdszb), 
n=0 


uniformly if |x—y| =e. Assume further, in order to simplify the 
discussion and to bring out more clearly the underlying ideas, 
that (56) holds in (a, 6),7 and let f(x) be continuous at a certain 
interior point x (where p(x) #0). We have then{ 


where 7; = 0(1), 73=0(1), by (56); 


ig = f(x) p(y) o:(x)oi(y)dy 


rte n 
— f(«)] Lidi(x)o(y)dy = 12”; 


z—eE 


* A penetrating investigation of this and related zero-series by E. Kog- 
betliantz for various classes of OP has yielded in recent years extremely gen- 
eral results regarding convergence and summability of the expansion (6) (see, 
for example, [14]}). 

{ Ordinarily (56) is satisfied when the series on the left is subjected to a 
certain process of summation, so that the conclusions drawn pertain not to 
ordinary convergence, but to summability. The latter, under additional hy- 
potheses, may lead to ordinary convergence (see below, p. 72). 

t The end points need special attention. Thus, if (a, 5) is finite, we gen- 
erally write where en =0(1) is properly chosen, and if (a, 5) 
is infinite, say a= — », then we write /-2+-/75*, where G (>0) is sufficiently 
large (or even depends on m and increases indefinitely with m). Similar remarks 
apply to b. In other words, we must properly specify the behavior of f(x) near 
the end points. 


n=0 
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ip’ = f(x } oi(x)pi(y)d 

= f(x) + o(1) (by (8) and (56)); 
b b n 
| | no x)bi(y) | dy 


= n(e)(p.(x) + o(1)); 
(| f(y) — f(x) | S forx —e yS 70, ase— 0). 


Thus, we again come across the Lebesgue constants, namely, 
(57) S.(x; f) = f(x) + m(©)px(x) + o(1), > 0, ase— 0), 


and this shows that lim, ...S,(x; f) =f(x), if the sequence { pn(x) } 
is bounded, even though the continuity of f(x) was here assumed 
at the point x only.* The important point here is that, due to 
(56), 


(58) pa(x) = f 


| dy + o(1), (n— 


In general, the estimate of p,(x) requires the use of the asymp- 
totic expression for ¢,(x). Another method based on a theorem 
of Fubini will be omitted [21]. 


4. Making Use of the Asymptotic Expression of $,(x) (n>). 
One can foresee that this method will prove the most powerful, 
for the said asymptotic expression is, we may say, a synthesis 
of the most intimate properties of ¢,(x). The essential features 
of this method may be exhibited as follows. For various classes 
of OP the asymptotic expression of ¢,(x), for n—>, has in the 
first approximation the following form: 


B,, 
(59) ¢,(x) = A, co (np + wr) + =|, (q, p > 90), 
n 


and this holds in a certain subinterval of (a, b), where An, y, 
w,, B, are certain functions of x, with w,, A,, B, depending 
generally on n, and A,, B, remaining bounded for n—. Thus, 
for example, for Legendre polynomials [2, 22]: 


* In case f(x) is of bounded variation in the neighborhood of the given 
point x (the usual assumption made in dealing with (6)), the previous analy- 
sis, somewhat refined, would introduce the quantities f(x +0). 
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1 [(»++) 1 
(2 sin ge 2 n+3 


3 
(60) 1-3 es 
2 sin ¢ a 2-4 (2n + 3)(2n + 5) 
5 5 5x 
cos 


toll 

nr Sin 2 4 n 


Similarly, for Hermite polynomials [13]: 


2\ 16 
n 


x3 x B,(x)) 


where |x| <A is finite and arbitrarily fixed. 
In the first place, we find, by means of Darboux’s formulas 
(9), an asymptotic expression for K,(x, y) and K,(x), x being 
a certain given point belonging to the interval where (59) is 
valid. Next, again rewrite (10) in the form 


= i, + ie + is, 


making the usual assumption that f(x) is of bounded variation 
in the neighborhood of the point x. The most difficult part of the 
investigation, which requires great ingenuity (and often labori- 
ous computation) is to show that 7; and 7; tend to 0, as m tends 
to infinity, for the asymptotic expression (59) does not hold, 
as a rule, at the end points. Here we must specify the proper 


(62) 
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behavior of f(x). The integrals 7; and i; having been disposed of, 
we proceed to the relatively simple investigation of 72. Using 
(59) and making a proper change of the variable of integration, 
we are led to a finite number of integrals of the form 


B ° 
(63) f a(z) cos mzdz, (a, B finite or infinite), 
(64) f u(z) — dz, Dirichlet integral, 
0 sin 2 
sin mz 
(65) f u(z) — dz, O<h<kJ7r/2). 
h sin 2 


The behavior, for m—>, of these integrals is well known from 
the theory of trigonometric series [4]. Thus, (63) =0(1), if 
| u(z) | is L-integrable in (a, 8) (Riemann-Lebesgue theorem) ; 
(64)—>(2/2)u(+0), if u(z) is of bounded variation in (0, 7/2); 
(65)—0(1), for the same u(z). These three limiting relations 
enable us to complete our investigation; (64) here furnishes the 
desired limit of S,(x;f), (n—), in terms of f(x +0). The gen- 
erality of the results obtained in this manner depends upon two 
factors: (i) the thoroughness of the study of the components 1;,3 
in (62), by which we can avoid unnecessarily heavy restrictions 
to be imposed upon the differentiability and integrability prop- 
erties of f(x), also upon its behavior at the end points; (ii) the 
more or less comprehensive character of the asymptotic expres- 
sion used, that is, its range of validity, order of magnitude, and 
nature of the remainder. Thus, Kogbetliantz [14] has obtained 
very general results on the convergence (and summability) of 
series according to Hermite or Laguerre polynomials, by using 
asymptotic expressions for ¢,(x) valid over an interval which in- 
creases indefinitely with n. Haar [23], making use of the second 
approximation in (59), was able to establish the most interesting 
result in the theory of Legendre polynomials—the so-called 
“equiconvergence theorem” (see Introduction) : f(x) being of the 
class L*, its expansion (6) in series of Legendre polynomials be- 
haves, with regard to convergence or divergence at any interior 
point x =cos 0, (0<0@<7), like the Fourier cosine-series expansion 
of f(cos @), that is, denoting by o,(@) the partial sum of the latter 
series, we have 
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lim [S,(cos — o,(0)] = 0, 


n— 2 


Quite recently, Szegé [24] has developed for Jacobi polyno- 
mials with arbitrary a, B(>0) (see (5)) asymptotic expressions 
in terms of Bessel Functions, instead of trigonometric functions as 
in (59)—(61). His asymptotic expressions have the advantage of 
being valid uniformly in any left-hand neighborhood of the end 
point x=1. Thus one of the difficulties mentioned above is 
obviated, and we obtain in a simple manner the asymptotic 
expression of the Lebesgue constants and of many other definite 
integrals involving Jacobi polynomials. The most important 
application which Szegé makes of his asymptotic expressions is 
to derive a general “equiconvergence theorem,” which, in case 
of Legendre polynomials, holds even for a more general class of 
functions than that in Haar’s theorem (see below, p. 78). 

In order to illustrate the diticulties arising in case of an in- 
finite interval, we proceed to sketch the ingenious method of 
Uspensky in dealing with Hermite polynomials [13]. We write 
here 


= i+ it 2s, (G>0, sufficiently large). 


The integral i, is reduced to the Dirichlet integral as usual, 
and furnishes in the limit, for [f(x +0) +f(x—0) ]/2, 
(f(x) being of bounded variation in the neighborhood of the 
given point x). We now turn to 7; (the analysis is similar for 7,). 
First, by Schwartz’s inequality, 


(66) if f f2(y)dy f ev'K,2(x, y)dy. 
G G 


The first factor in (66) does not cause trouble under the liberal 
assumption 


—A 
(67) ev f2(y)dy, and also ev f2(y)dy, 
A 


exist for some A > 0. 
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We proceed to show that the second factor—-0 as n>. By 
(9) and (10), 


(2a 4-2)" 
on (x)Gn41(x) = | (y)dy 


Qn + 2\1/2 G 

2 G 


On 
B,(x, ¥) = 
where x is fixed and finite. The ingenious method of Uspensky 
consists in first evaluating asymptotically J,, as a whole, using 
on the left side of (68) the asymptotic expressions of },(x), , (x) 
(the latter also being a Hermite polynomial), then evaluating 
asymptotically J,’’, by using the above asymptotic expressions 
under the integral sign (the interval of integration being finite). 
By subtraction we find at once the order of magnitude of If, I’, 
and this completes the discussion of 73, without any further restric- 
tion being imposed on f(x). Laguerre polynomials are treated in a 
similar way. The criteria of convergence of (6) thus obtained 
are very sensitive indeed. 


(68) 


III. Some SpectAL METHODS FOR INVESTIGATING THE 
CONVERGENCE PROPERTIES OF THE EXPANSION (6). 


1. From Summability to Convergence. It is well known [25] 
that the Césaro (C), Abel (A), or Euler (EZ) summability of an 
infinite series Ye -0U.= U implies its ordinary convergence if 
u, is properly restricted. Thus, (i) if U is (C, k) summable, and 
u,=O(1/n), then the series converges (Hardy); (ii) if U is 
A-summable, and u, =O(1/n), then the series converges (Little- 
wood). The existence of generating functions for the classical 
OP, that is, 


@(x,t) = (cn = const.), 
n=0 
whose explicit expressions are known, suggests in the first place 
Abel-summability. This was carried out by Hille [26] for La- 
guerre polynomials, where 


= 
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T'(n + a) 1/2 
ator, 


where | ¢| <1, and where x is finite and arbitrary. Corresponding 
to the expansion (6), we construct the series 


Making use of the asymptotic expression for ¢,(x) and of the 
expression of f,, we show, first, that F(x, ¢), as a function of ¢, 
is holomorphic for | | <1; next, that for t—1—0, F(x, t)—>f(x») 
or [f(xo+0)+f(x0—0) |/2, at every point x» of continuity or of 
discontinuity of the first kind, respectively; in other words, we 
show that (6) is A-summable, if S-e-27x2-1| f(x) | dx exists for 
every a>1/2. By Littlewood’s theorem, (6) will converge at x = xo 
(to the above value), if f(x) is such that 


(71) O(n-"). 


For x»>0 and a=1, ¢,(xo) =O(n—™*); hence (71) is certainly 
satisfied if 


(72) fn = O(n-*'4), 


which is shown to hold if f(x) is subject to some further restric- 
tions. 


2. Application of the Closure Equation (15). We follow here, 
with considerable modification, the method developed by 
Stekloff [27] for the case where 


(73) p(x) = po>O,7 

p’ (x) exists and is bounded in the finite interval (a, 6), 

(74) f'(x) is of class L? in (a, 5). 

Write 

(75) f(x) = fbx) + Ras = DL fbi (x) + RY, 
i=0 


where R,, denotes R,(x; f), and where R,’ denotes dR,/dx. By 
virtue of orthogonality, we get at once 


i 
n=0 
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(76) f p(x)Ribi(x)dx = 
This shows that 


f p(x)R,G,(x)dx = 0, 
and the second relation in (75) yields the fundamental relation 
(77) f p(x) = f 


(Gi(x) = go + gix; gi = arbitrary constants, independent of 1). 


In (77) integrate by parts on the left and apply Schwartz’s 
inequality on the right. This gives 


1 ( 
| f = | 
, x) 


IIA 


ff rea: f p(x) f'?(x)G? (x)dx = o(1), 
(n — © ; by (16)). 


Moreover, by (73) and by use of the closure equation in its 


form (16), 
p'(« 
dx = o(1), pReax =o(1), (n>), 


- 


so that (78) leads to 


) 
) 


z=b 


= o(1), (n— 0), 


Taking here G;(x) =x—a, x—b, we obtain 
(79) p(6) (6; f) = o(1), pla)RP (a; f) = o(1), (n>), 


which, expressed in words, states that, under conditions (73) 
and (74) the expansion (6) converges for x =a, b to the values f(a), 
f(b), respectively.* 


* In some cases this alone is a sufficient basis for the conclusion that (6) 
converges for all x in (a, b). 
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In order to investigate R, at any interior point, we need a 
further assumption as follows: 


(80) f’’(«) is of class L,?. 


We then add to (75) the following relation: 
i=0 
and proceeding as above, we get 


(81) ff = f = 9(1), 


(1 — 0), 


Now take G2(x) = (x—a)(b—x), which is =0 in (a, b), and inte- 
grate by parts on the left side. Then 


+ J (a)dx 
x 
(82) 
Here the middle term is 0(1), by (78), and 
| #2) p(x) G2(x)dx 
(x) 
( 
< hy R2dx = hy-o(1)(,)!/?, 
P(x) 
h = max | > =max | G.(x)| in (a, 6), 
p(x) | 


f p(x) Ri?G2(x)dx, 


so that (82) becomes 
(In)'/?-0(1) + In = o(1), (n— 0), 


whence the important result, 


(83) I, = f ror — a)(b — x)dx = o(1), (n— 0), 
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Consider now the identity 


p(x)o(x)R2 


+ f + 


=i + iz + is, (o(x) = (% — a)(b — x)). 
By the above considerations, 


i;,2=0(1) uniformly inx, (n— ©); 


f p(x)R2dz- f 


whence we reach the final conclusion that 
p(x)(x — a)(b — x)R2(x) =o0(1), (n>), 


uniformly for a<x<b; that is, under conditions (73), (74) and 
(80), the expansion (6) converges to f(x) uniformly in the interval 
(at+e, b—e). 

The method is applicable to a more general p(x), of the form 
(x (a, B>0). We must point out, however, 
that the conditions imposed on f(x) are far too stringent. This 
is compensated by the simplicity of the method, which requires 
neither the discussion of the coefficients f,, nor the use of the 
asymptotic expression for ¢,(x). On the contrary, if we apply 
the above considerations to f(x)=@nsi(x), we obtain directly 


| pa(c)| (c=a, b). 


3. Use of the Differential Equations for the Classical OP. These 
can be written as follows: 


(84) (x) + B(x)on(*) + Cada(x) = 0, 


where A and B are polynomials of degree <2, independent of n, 
and where C, denote constants. 


(J) (1 — (x) + — B — (a + B)x] (x) 
+ n(n+a+B— 1)¢,(x) = 0, 
x62" (2) + (a — (x) + = 0, 
(H) on’ (x) — 2x6, (x) + 2nd,(x) = 0, (n = 0,1,---). 


(8 


= 
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From this we learn at once, by differentiation, that ¢,(x) is an 
OP of the same class, with p(x) replaced by p(x) =A(x) p(x). 
Denoting the normalized ¢,! (x) by Wn-1(x), we derive, by a 
simple computation, the following important relation which 
holds true for all classical OP: 


(86) dn (x) (n 1, 2, ), 
where 

where m, n=0, 1,--- , and where p;(x) =A(x)p(x). Further- 


more, it is readily seen that for all classical OP 
(88) (A(x)p(x))’ = B(x) p(x), A(x) p(x) = 0 for x = a, b. 


Assuming now the existence in (a, ) of f’(x) of the class L?, 
(88) enables us to treat the coefficient f, as follows. We write 


Cafu = f 


whence, by integration by parts, in virtue of (86) and (88), 


(C,,)*/2 


(89) 
where 
fia= that is, f’(x) ~ 
n=0 


We have now 


$n(x) 
(C,,)1/2 


1 
| fabn( x) | | 2 


/2 
Here the series )....1f,-1 certainly converges (closure), and 


= 
= 
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(L) ¢,2(x)/C, = O(n-*/?), 
(0<¢< 4;A finite, fixed arbitrarily); 


(H) («)/C, O(n-3/2) , (| | < A). 


(90) 


Hence, the expansion (6) in series of classical OP converges 
uniformly and absolutely in the respective intervals as given in 
(90), af f’(x) is of the class L? in (a, b). 

The same results could be obtained, without making use of 
the asymptotic expression for ¢,(x) (necessary to establish (90)), 
if we combine the use of the differential equation with that of 
closure as in the previous section(this would eliminate the intro- 
duction of f’’(x)). 


4. Comparison Method. The problem before us is: Given 
pi(x) S po(x) in (a, b), where pi(x) and are two weight- 
functions, find a corresponding qualitative relation between the 
partial sums of the two corresponding expansions (6) of the 
same function f(x). This problem was solved by Szegé [28]. The 
basis of his analysis is the solution of the following two-parameter 
extremal problem. 

Given in (—1, 1) @ weight-function p(x) and a function F(x) 
such that F(x)/p(x) and F*(x)/p(x) are both of class L, find max 
F(x)G,(x)dx} 2 (A,u parameters ,é a fixed point inside 
(—1,1)), for all G,(x) satisfying the condition J’ p(x)G? (x)dx =1. 

Introduce the OP corresponding in (—1, 1) to p(x) and write 


G,(x) = i being constants, with >, =1. 


i=0 i=0 


F(x = 1 
Ladi(x), a = f F(x)¢(x)dx, 
p i=0 
F(x F 
= aid;(x) + = -) + 


+ pail}, = 1. 


n n 
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Then, by Cauchy’s inequality and (13), 


M,(a, p) = max U,(A, = 2; (Agi (E) + pa;)?, 


p) = MK a(E) + + a? 


i=0 i=0 
F F 
(92) = + 2duS, + p?U, i). 
F F?(x) 
U,{—) = dx = U(?). 
J 


On the basis of the condition J’ p(2)G2 (x)dx=1, we readily 
verify that 


pi(x) S p(x) S p2(x) in (— 1, 1) implies 
M,(, p2) = M,(\, Bb; p) as pi). 


Hence, the difference M,(A, wu; p)—M,(A, which is a 
quadratic form in X, yp, is positive for all real A, wu. Expressing 
the fact that its discriminant is non-positive, we get, replacing 
F(x)/p(x) by f(x), of class L?, and writing S,(x; p), K,(x; p), 
U.(p), 
p(x) S po(~) in (— 1, 1) implies 
[S.(E; — S Un(p)- [KalE; p) — Kal€; 

p) — b2)], 


(93) 


(94) 


IIA 


where 


U(p) p(x) f?(x)dx. 


This is the desired relation between S,(x; p) and S,(x; pe). 
Incidentally we have found here before (94) two other important 
relations of the same kind: 


(95) pi(x) S p(x) S p(x) in (— 1, 1) 
implies 


K,(&; pr) = K,(&; p) < K,(&; po), U,(p1) = U,() = U,(p2)- 


n 
n n 
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It now follows that 
(96) pi(x) S p(x) = p2(x) in (— 1, 1) 
implies 
pr) — Sa(E; S U(p)[Ka(E; ps) — KalE; p2)]. 


Thus, if we succeed in choosing ~;(x) and p2(x) in such a manner 
that 


(97) pi(x) S p(x) S p(x) in (— 1, 1), 
K,.(&; pi) — Kn(€; p2) = o(1), (n — © ; given inside (— 1, 1)), 


then (94) leads directly to an equiconvergence theorem, namely, 


(98) lim [S.(E; p) — Sa(E; p2)] = 0. 


Szegé shows that such a choice of $:(x) and $2(x) is possible, if 


= (1+ x)*"(1 — x)*"'¢(x), with 1/2 a, B S 3/2, 


99 
7) lo(x) bounded and positive, p(x) is R-integrable in (— 1, 1), 


provided at the interior point — under consideration p(x) is con- 
tinuous with tts first and second derivatives. We then can take 


(1 x?) 1/2 1 


(100) 2) = = 


where P;(x) and P2(x) are polynomials greater than zero in 
(—1, 1); and we can choose the polynomials P;(x) and P2(x) so 
that, in addition to the first condition (97), 


1 log po(x) — log p(x) dx 
(pil) = p(é) = p2(E)). 


Szegé then obtains an explicit expression for $,(x; £1,2)(from 
a certain m on) using Fejér’s theorem on the trigonometric rep- 
resentation of positive polynomials [29], and by means of 
Darboux’s formulas shows that the second condition (97) is 
also satisfied. Incidentally we find in this way an asymptotic 
expression for K,(x; p) and ¢,(x; p). Thus, (98) is established. 


€; 


\ 
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But this is an intermediate step only. The desired equiconver- 
gence theorem in its final form is 
where o,(£) represent the mth partial sum at the interior point 
£=cos 0, of the Fourier cosine-series expansion of the function 
(cos 6) f(cos 6)| sin 6|. This is readily established, by first 
showing that (102) holds true for p2(x) (where the explicit 
expression of ¢,(x; $2) is known) and then again using (96). 
Taking g(x)=1, we obtain the equiconvergence theorem for 
Jacobi polynomials, with 1/2<a, B$3/2. 


IV. ILLUSTRATION OF THE GENERAL METHODS DIsCUSSED 
ABOVE BY MEANS OF LEGENDRE POLYNOMIALS. 


The Legendre polynomials 


1/2 
*) P,(2), 


1 
= 
(1 — 2tx + 


have, among others, the following properties: 


where 


2n + 1\1/2 


(—1<x1). Applying the preceding general methods to the 
expansion (6) of a given function f(x) according to Legendre 
polynomials, we obtain the following results regarding its con- 
vergence. 


(i) Case of continuous functions. From the estimate of 
fnon(x) we learn that (6) converges absolutely and uniformly 
in (—1, 1) if f’(x) satisfies therein a Lipschitz condition of 
order >1/2. From the estimate of R,(x; f) we learn that (6) 
converges uniformly in any fixed interval (—1+e, 1—e), if f(x) 
satisfies in (—1, 1) a Dini-Lipschitz condition, and uniformly in 
the whole interval (—1, 1), if f’(x) is therein continuous. 


(ii) Use of integral equations. The kernel here is [10] 


2) = (= | = (=, 
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log (1 — y) + log (1 + x) + 1 — 2 log 2, 

| 

log (1 + x) + log (1 — y) + 1 — 2 log 2, 

( (-1sS*sy1). 


K(x, y) = 


The series (6) converges absolutely and uniformly in (—1, 1) 
if f(x), f'(x), and f’’(x) are therein continuous. 


(iii) Application of the Rademacher-Menchoff theorem. The 
series (6) converges almost everywhere in (—1, 1) if f(x) is of 
bounded variation in (—1, 1), or if 


| | | | 
f(x’) — f(x’) | «| log | x’ — < const., 


(=1's 1). 
(iv) Use of Lebesgue constants. Here 
pr(x) ~ log 1), pa(41)~n!?, 


The series (6) converges uniformly in (—1-+e, 1—e€) or in (—1, 1), 
if f(x) satisfies in (—1, 1) a Dini-Lipschitz condition or a Lip- 
schitz condition of order>1/2, respectively. 


(v) Use of the asymptotic expression of $,(x). At any interior 
point x =cos 0, (6) behaves, regarding convergence or divergence, 
(a) like the ordinary Fourier series expansion of f(cos @), if f(x) 
is of the class L* in (—1, 1); (b) like the ordinary Fourier series 
expansion of f(cos 9)| sin 6| , if f(x) is of the class L in (—1, 1) 
and I 1 —x?)-"/4| f(x) | dx exists. 

We may add that if we wish to discuss the effect of singulari- 
ties of f(x) at the end points x=+1 on the convergence (or 
summability) properties of (6), the zero-series (p. 65) proves 
the most effective tool. 

We see that the weakest method is that of integral equations, 
the strongest one, that of asymptotic expressions. Note that the 
latter enter explicitly or implicitly in many other methods deal- 
ing with the convergence of (6). The above considerations apply 
not only to ordinary convergence, but also to summability of 
(6), as was pointed out above. They also remain valid in 
many parts if we replace p(x)dx by the more general dy(x), 
where (x) is monotonic non-decreasing in (a,b),and use Stieltjes 
integrals. 


| 

| 

| 

| 

| 

| 

| 

| 

| 

| 
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We have had to omit in our discussion many other interesting 
topics. The most important are those that follow. 


(i) Gibbs’ phenomenon, familiar from the theory of ordinary 
Fourier series. 


(ii) The problem of Cantor. Can we have >>. ~0dn¢,(x) =0, 
(aS<x<b), without having a,=0 for all 2? This is evidently 
equivalent to the problem of uniqueness of the expansion of a 
given f(x) in series of orthogonal polynomials: can we have 
n(x) =f(x), -obaba(x) =f(x) for certain x, without 
having a, for all n? 

(iii) The problem of Dubois-Reymond. Assume the existence 
of (nZ0). If =f(x) on a 
specified set Ec (a, b), can we conclude that a,=f, for all n? 
This is equivalent to the problem of term by term integration of 
the above series. 

These problems and many others on the general OP offer 
a vast and fruitful field of research. In some special cases (poly- 
nomials of Legendre, symmetric Jacobi polynomials), interesting 
results have been obtained by Plancherel and Kogbetliantz. 
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THE CATEGORY OF THE CLASS LIP (a, p) 


BY E. S. QUADE 


A function x(s) is said to belong to the class Lip(a, ) on the 
interval (a, b) provided 


b 
||x(s + hk) — x(s)|| = ( f | x(s + h)— x(s) ras) = O(h*), 


where 0<a 31. 

There exist continuous functions which belong to no class 
Lip(a, p). Indeed if x(s) cLip(a, p), then the Fourier coef- 
ficients of x(s), dn, bn, are O(n-*). Now a continuous function 
may be constructed* such that |an,| >1/log n; for an infinite 
set of values {;}. Then for such a function 


| ang ng 


>  O(1), 
nz log n; 


that is, a,~O(n-*) and hence the continuous function with the 
Fourier coefficients a, belongs to no class Lip (a, ). 
We prove the following theorem. 


THEOREM. The subset E of Ly, p=1, which is >, Lip(a, p) 
for 0<a3i, ts of the first category in Ly. 


We employ a method of proof used by S. Banach.t We take 
the interval (0, 1) as the fundamental interval and assume the 
functions to be periodic with the period one. Let E,m be the set 
of all x(s) cL, such that 


1 
+m Pas (s,m = 1,2,---). 
0 


The sets E,m are closed. For, let x;(s)—>-xo(s) in Ly. Set 


* W. Randels, A remark on Fourier series of continuous functions, Ameri- 
can Mathematical Monthly, vol. 40 (1933), pp. 97-99. See also an article by O. 
S24sz, to appear soon in the same journal. 

+ Uber die Baire’sche Kategorie gewisser Funktionenmengen, Studia Mathe- 
matica, vol. 3 (1931), pp. 174-179. 


= 
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yi(s) = + h) — xi(s), 
yo(s) = xo(s + h) — xo(s), 
where h is fixed but arbitrary. Then 
— + — xo(s + + |] — 
= — x0(s)|| +0. 
But implies that that is, 


xo(s + h) — x0(s) ?ds <n | 


Moreover ee For, if xo(s)c EZ, then for some 
value ao, Xo(s) CLip (ao, p); that is, there exists a number M 
such that 


fi xo(s + h) — x9(s) |?ds <M | 
0 


To complete the proof we have only to show that every set 
Exnm is non-dense. Suppose, if possible, that Ey were not non- 
dense. Then, since Eyy is closed, it contains a sphere K. Let 
w(s) ¢ K c Eyy be the center of the sphere and r>0 the radius. 
Let g(s) cL, be a function of E. Since when g(s) cE, c-g(s) cE, 
where ¢ is a constant not zero, we may assume ||g|| <r. Also 


+ — g()|| > 2N| 
Set 2(s) =w(s)+g(s). Then 2(s) cL, and 
+ — = |le@ + — — + — 
> 2N | | h >N | 

that is, 2(s) not CEyy. But <r; this means 
z(s) cK c Eyy, a contradiction. 

In exactly the same manner we may prove the following 
result. 


The subset EC of the space C of continuous functions is of the 
first category in C. 
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TERNARY ARITHMETICAL IDENTITIES* 
BY E. T. BELL 


1. Introduction. Two sets of identities are said to be equiva- 
lent when each set implies the other. By the method of para- 
phrase,f{ an elliptic theta identity is equivalent to one or more 
identities in functions with integer variables, the functions usu- 
ally being subject to restrictions of parity (evenness or oddness 
in sets of variables). On account of their importance for class 
number relationsf and other questions concerning quadratic 
forms in two or more variables, it is of interest to have the com- 
plete set of arithmetical identities equivalent to all the identities 
implied by the addition theorems for the thetas and the trans- 
formations of the first and second orders that are bilinear in 
thetas and doubly periodic functions of the second kind. Changes 
of g into —4q, or increase of the variables by integer multiples of 
half periods in one of the latter identities, produce arithmetical 
equivalents obtainable immediately from the arithmetical 
equivalent of the original identity by proper specialization of 
the parity functions. Hence it is unnecessary to discuss such 
derived identities. Omitting these, we find precisely four identi- 
ties to be paraphrased: 


(1) > + 0+ w)dioo(2w, — 22, g?) = 0; 
(2) u + 0+ w)din(2w, — 20, = 0; 
(3) utot w)din(w, — 2, g'/?) = 0; 
(4) wu tot+ — 2, = 0; 


where the sum refers to the three products obtained in each 
case from the one written by the substitutions 1, www, uwv; and 


Pret (*, y) = dret(X, q) = + 


the parameter in the thetas being g. The arithmetical equiva- 


* Presented to the Society, October 27, 1934. 

t E. T. Bell, Transactions of this Society, vol. 22 (1921), pp. 1-30, 198- 
219. Cited as B. 

tJ. V. Uspensky, Bulletin de l’Académie des Sciences de Russie, 1925, 
pp. 599-620, 763-784; 1926, pp. 25-38, 175-196, 327-348. Cited as U. 
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lents of (1)—(4) are stated in §2, and several equivalents of these 
are indicated in §3. 
To prove (1)—(4), we take 


A =9,(x), B=438,(y), C = 
X = 8,(x), Y = d,(y), Z = a 
in the identity 
a 2 
x 
a 


reduce the results, for (a, b) =(1, 2), (0, 3), (1, 0), (3, 2), by the 
addition theorems for the thetas; introduce the doubly periodic 
functions of the second kind by dividing throughout by the ap- 
propriate product of the thetas; and finally make the change of 
variables 
x=—u+v+w, y=u—v+w, z=w+v0—w. 

The addition theorems used are 


x— 


The arithmetical equivalents of (1)—(4) are summarized at 
the end of §3. 


2. Arithmetical Functions. An arithmetical function is one 
which is finite and single-valued for all sets of integer values of 
the variables. Let f(x, y, z), - - - , L(x, y, z) be arithmetical func- 
tions of x, y, z subject only to the following restrictions, in which 
x, y, denote integers. 


(5) f(x, ¥,2) = f(— x,— y,—2). 
(6) g(x, z) g(— z), g(0, 0, 0) = 0. 
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(8) G(x, z) = G(y, 2, x) = G(z, x, y) = z), 
G(0, 0,0) = 0. 

(9) y, 2) = H(y,z, x) = H(z, x, y). 

(10) K(x, y, 2) K(y, 2, x) = K(z, x, y) K(x, 2, y)- 


(11) L(x, y,2) = L(y,2, x) = L(z, x, y) = — L(x,z, y). 


Thus F(x, y, z) is any even arithmetical function of x, y, z which 
belongs to the cyclic group on x, y, 2; G(x, y, 2) is any odd arith- 
metical function of x, y, z belonging to the same group; H(x, y, z) 
is any arithmetical function of x, y, z belonging to this group; 
K(x, y, 2) is any arithmetical function of x, y, z belonging to the 
symmetric group on x, y, z; and L(x, y, z) is any alternating 
arithmetical function of x, y, z. Note that these functions need 
not be defined when x, y, 2 are not all integers. 

We can now state arithmetical equivalents of (1)—(4). The 
letters x, y, 2 denote variable integers, m, m constant integers; 
(—1| x) =(—1)(*-)/2; €(a) =1, or 0, according as a is or is not, 
the square of an integer >0. The equivalents are numbered 
correspondingly to (1)—(4); thus (I1) and (1) are equivalent, etc. 


(I:) m= x? + 4yz;x20, y >0,2 > 0; x, y, 2 odd: 
1| x)F(— x, x — 22,x%+2y) =0. 
or (IV;) x= x? yz; x20, y >0,2>0: 


G(— x, x —2,x%+ y) = e(n) 41/2, Q) 


4. = nil? — G(— | 
r=] 


(IIz) m= a? + 4yz; x 2 0, odd; y > 0,2 > 0: 
(m/2—1) /2 


G(— x,x—22,x+2y)=em) >> [G(— m'2, m'/2, 2r — 1) 


r=1 
— G(— 2r — 1, m/2)]. 
(III,) m = x? + 4yz; x 2 0, odd; y > 0,2 > 0: 
— 1)F(— x, x — 22, « + 2y) 


(m/2—1) /2 


=em) >> (—1)"[F(— m'/2, m'/2, 2r — 1) 


— F(— m2, 2r — 1, m'/2)|. 
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Thus (II,) is equivalent to (4); (Il) and (II) are together 
equivalent to (2); and it is evident that (I1) is the special case 
m=5 mod 8 of (III,). If m=5 mod 8 in (II2), we get 


(IIs) m = x?+4yz;x 2 0, odd; y > 0, 2 > 0; m = 5 mod 8: 
G(— x, x — 22, x + 2y) = 0. 


It will be seen in §4 that (II,) is equivalent to the fundamental 
identity of Uspensky (U, loc. cit.), which was shown in a pre- 
vious paper* to be equivalent to (2) written with different 
arguments (an unsymmetrical form.) 

To indicate the proofs we transform (I,), (III1) into their 
equivalents in terms of f defined in (5), and (II,), (II) into 
their equivalents in terms of g defined in (6). 

The summations in what follows extend over some set, which 
need not be specified, of triples of integers x, y, z. The constants 
Czyze do not involve the functicns f,--- , L occurring in a par- 
ticular sum. 

We see first that 


(12) Caysi y; 2) + 10, x) + f(z, x, y)] = 0, 
(13) (x, y, 2) = 0 


are equivalent. For (5) is the only restriction upon f and, by (7), 
F(x, y, z) =F(—x, —y, —2z). Hence f may be replaced by F in 
(12). Reduction of the result by (7) gives (13). Thus (12) im- 
plies (13). Conversely, f(x, y, ) +f(y, 2, x) +f(z, x, y), considered 
as a function, say F’(x, y, 2), of x, y, 2, satisfies all the conditions 
(7) on F(x, y, z). Hence (13) implies (12). Thus (12), (13) are 
equivalent. In the same way 


(14) czy: (g(x, y, 2) + g(y, 2, + x, = 0, 
(15) c2y:G(x, y, 2) = 0 


are seen to be equivalent. 

Restating (I,), (III,) by means of (12), (13) as their f-equiva- 
lents we get them in the forms into which (1), (3) paraphrase 
immediately by the method of the paper (B). As the details 
are all simple routine which has been exemplified many times 
in that paper and in (Be), we shall omit them. Similarly for 
(II,), and (14), (15). 


* E. T. Bell, this Bulletin, vol. 32 (1933), pp. 682-687. Cited as Be. 
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3. Arithmetical Equivalents. By (7), (9) we may replace 
F(x, y, 2) by H(x, y, 2) +H(—x, —y, —2z) in (13); and by (8), 
(9), G(x, y, 2) may be replaced by H(x, y, 2) -H(—x, —y, —z) 
in (15). Hence (13), (15) imply 


(16) Czy2|H (x, y,2) + H(— x, y, z) | = 0, 


respectively. Considered as a function, say H’(x, y, 2), of x, y, 2, 
F(x, y, 2) +G(x, y, 2) satisfies the conditions (9) on H(x, y, 2). 
Hence we may replace H(x, y, z) by F(x, y, 2)+G(x, y, 2) in 
(16), (17). By (7), (8) the results reduce to (13), (15). Thus 
(13), (16) are equivalent, and likewise for (15), (17). 

We next see that 
(18) Coys H(2, (x, Z, y)] 0, 

(19) >> L(x, y, 3) = 0 

are equivalent. The implication of (18) by (19) follows from 
(11), (9). To see that (18) implies (19), we note that L(x, y, z) 
+K(x, y, 2) satisfies the conditions (9). Hence we may replace 
H(x, y, 2) by L(x, y, 2) +K(x, y, 2) in (18). Reducing by (10), 
(11), we get (19). 

Application of the foregoing equivalences to the identities 
in §2 gives their equivalents. Note that in the identities in §2 
the sign of x may be changed in any of the functions, and y, z 
may be interchanged. In this way we find that 


(Ie) | x) L(— x, x — 22, y+ 22) =0 


is equivalent to (I,), for the partition as in (I1), and that (II;) 
is equivalent to 


(IIs) >> L(— x, x — 22, y + 22) = 0 


for the same partition. Hence, separating x modulo 4, and com- 
bining (Iz), (II,), we see that (I1) and (II3) together are equiva- 
lent to the pair 


(20) m = x? + 4yz; x 0, y > 0,2 > 0; x, y, s odd; x = 7 mod 4: 
L(— x, x — 22, x + 2y) = 0, 


where / is either 1 or —1. 
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For (II) we have the equivalents (21) (IIs) below, in which 
the partition is as in (II,). 


[A(— y) y)] 
= ¢(n) 0) — H(— n'/2, 0, 1/2) 


(21) 


r=1 


—H(n'!2, — — r) + H(n'2, — 7, — |, 


L(— —2,x+ y) = e(n) ES nil2, 41/2, 
(IIs) 


+> 7) — — — ot]. 
r=1 


Omitting the H-equivalents of (II,), (IIl:), we pass to the 
L-equivalent; the partition is as in (IIz), (III): 


— 1| x) F 1} L(— a, x — 22, x + 2y) 
/2 


(II) [{(- 1)" + 1}L(- 2r — 1) 


r=1 
+ {(— 1)" $ 1}L(m'2, — — 2r 1)], 


the upper or the lower signs being taken throughout. This is 
equivalent to (IIz), (III;). 

The L-equivalents appear to be the most convenient. In 
summary for these, (1)—(4) are equivalent to (20), (IIs), (II¢) 
of this section, L being defined by (11). As will be indicated 
next, (II;) is equivalent to Uspensky’s identity. 

4. Conclusion. Let k(x, y, 2) be an arithmetical function of 
x, y, 2 satisfying the conditions 


(22) k(x, ¥; k(— x, z) = k(x, Z), k(0, Z) = 0. 


Then & satisfies the conditions (6), and hence g may be replaced 
by & in the g-equivalent of (II;) or (II,), since the last pair are 
equivalent. Again, if x, y, z in (22) be replaced by any linear 
homogeneous functions of x, y, z with constant integer coef- 
ficients not all zero, the transformed k(x, y, 2) is an arithmetical 


= 
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function of x, y, 2 satisfying (22). Conversely, if the determinant 
of the transformation is +1, the new k-identity implies the old 
(the restriction that the determinant be +1, and not merely 
#0, which would suffice for the existence of the inverse trans- 
formation, is necessary to ensure that the transformed func- 
tions shall be arithmetical as defined here). These conditions 
are satisfied by the transformation 


+ dey + a32, || a1 G2 as 0 
bey b3z, b; be bs = 1 0 0 
+ Coy + Caz, Il C1 Co 2 1 1 


which reduces the g-equivalent of (II:) immediately to Us- 
pensky’s form. Uspensky’s proof was entirely elementary. 
Mordell* gave an elementary proof of an equivalent of Us- 
pensky’s identity, and Oppenheimf gave an elementary proof 
of an identity which I showed{ to be equivalent to Uspensky’s. 
It may be mentioned that the 48 arithmetical expansions of 
functions ¢,,:(x, y) which are not doubly periodic of the second 
kind, and which will be published shortly in the American 
Journal, lead at once to similar identities concerning quadratic 
forms in seven variables, for example x?+év+yz-+wu. The 
general case concerns forms in 4s+3 variables; the identities of 
the present paper correspond to s=0. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 


* L. J. Mordell, Journal of the London Mathematical Society, vol. 4 (1929), 
pp. 291-296. 

ft A. Oppenheim, Quarterly Journal of Mathematics, (2), vol. 2 (1931), 
pp. 230-233. 

TE. T. Bell, this Bulletin, vol. 38 (1932), pp. 263-268. 
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MECHANICAL INVARIANTS OF THE 
SWEEPING-OUT PROCESS* 


BY C. H. DIX 
In this paper we prove the following theorem. 


THEOREM. If a general bounded distribution of positive mass in 
a closed connected region R is swept out on a surface S entirely en- 
closing R in its interior, then the center of gravity and the principal 
axes are invariants for the sweeping-out transformation. 


Let the distribution be given by ®(e), which means the mass 
associated with the point set e. Then the potential is 


1 
vey = f — dep). 
The coordinates , §, Z of the center of gravity of the distribu- 
tion are, respectively, 


—— xpd®(ep) d&(ep) d®(ep) 


We have the following lemma. 


Lemma. If ® is such that a density p exists and V?V = —4rp 
is satisfied everywhere, then the sweeping-out on a level surface = 
of V entirely including R leaves the center of gravity and the prin- 
cipal axes invariant. 


The surface = is formed by setting V=6>0. Let Po be the 
center of gravity of the distribution ®. Let Ro be the lower 
bound of the radii of all spheres containing R with center 
Py. If Mois a large integer, P on 2, and 6= then 
we shall have Ro(Mo—1)<PPo<Ro(Mo+1). Hence > lies in 
the spherical shell whose center is the point Py and whose 
bounding radii are Ro(My—1) and Ro(Mo+1). 

Let uw be any function harmonic in a closed region v containing 
P., whose boundary is the level surface 2. Then, applying Green’s 
Theorem, we have 


* Presented to the Society, June 20, 1934. 
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OV Ou 
u— do — fr= do = | (VV2u — uV?V)dr = f updr. 
> On = On = v 


Since V is a constant on 2 and u is harmonic inside 2, 


Ou Ou 


Hence 


Let u=x. Then 


f f dr = £8(R) 
z——ds= apdr = & 
> 4n On 


with similar relations for 7, 2, xy, yx, and zx. The expression 
(0V/dn)/(47) is of course the surface density of the swept-out 
mass on 2. So the lemma is proved. 

The extension to a general distribution is made by taking the 
iterated volume average of the potential until the corresponding 
mass distribution is sufficiently smooth to give rise to a potential 
satisfying Poisson’s equation. 

The treatment of these average functions has been carried 
out by G. C. Evans in a forthcoming paper.* They are used to 
prove the fundamental theorem of F. Riesz on the mass as- 
sociated with a sub- or super-harmonic function. Now assuming 
the Riesz Theorem, let {p(P)} be the sequence of positive 
densities corresponding to the super-harmonic functions 
{ V (ri, iy M)} which are the fourth volume averages of V 
over spheres of center VM and radius 7;. For each of these density 
distributions the conditions of the hypothesis in the lemma are 
satisfied. 

For a small value of 6 selected as in the lemma, V;(M) 
= V (ri, ri, M) is constant with respect to 7 on 2, since the 
spherical volume average of a harmonic function gives the same 
harmonic function. Hence the same level surface 2 may be used 
at each stage in the sequence. At each stage 


f 1 OV; f f 1 oV f 
Up; = = ud®;(ep), 


* G. C. Evans, On potentials of positive mass, Transactions of this Society, 
vol. 37 (1935), No. 2. 
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where 


@,(e) = pidr. 


The limit of the sequence of integrals we may denote by 
a(R). Since u is bounded and continuous in v, and the ®; are of 
uniformly bounded variation on v, we may apply the Helly- 
Bray* theorem to obtain the result 


a(R) = ff 


Hence the lemma is true if ® is a general bounded positive dis 
tribution. 

To prove the theorem consider a level surface = of V en- 
closing both R and S in its interior. Consider the following 
sweeping-out transformations: Tps=sweeping-out of R on S, 
T sz =sweeping-out of S on 2, and Tr:=sweeping-out of R on 
>. Now Trz=TszTrs. Furthermore, and leave the 
center of gravity invariant. Thus we have center of gravity of 
distribution on R=center of gravity of distribution on = =center 
of gravity of distribution on S. A similar argument handles the 
principal axes. 

If we have a closed surface S’ bounding a region R’ for which 
the Green’s function can be constructed, this Green’s function 
is the potential of the negative unit mass that has been swept 
out from the pole on S’ and the positive unit point mass at the 
pole. Concerning the distribution of this swept-out mass we 
may observe the following property which is a corollary of our 
theorem: the swept-out point mass has its center of gravity at the 
pole and its principal axes of inertia are arbitrary. 

That the distributions arising from the sweeping-out of a 
point mass are not the only ones with indeterminate principal 
axes is immediate. Take for example four equal point masses at 
the vertices of a regular tetrahedron (or take a homogeneous 
cube). In the cube the three moments of inertia about axes 
through the center normal to the faces are all equal. The mo- 
mental ellipsoid is therefore a sphere. The momental ellipsoid 
for the tetrahedron has the same form relative to the four lines 


*H. E. Bray, Annals of Mathematics, (2), vol. 20 (1918), pp. 177-186; 
see p. 180. 
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through the center of gravity and the vertices and so is a 
sphere. 

The statement of our main theorem can be given in more gen- 
eral form but our statement is chosen on account of its intuitive 
simplicity. The set R we may take as merely closed and bounded; 
S may be the frontier of a bounded domain, D, which contains 
R. Then the conclusion remains the same as we have stated it 
in the simpler case. 


TueE Rice INsTITUTE 


A DECOMPOSITION THEOREM FOR CLOSED SETS* 
BY G. T. WHYBURN 


Let P be any local topological property of a closed set such 
that if K is any compact closed set lying in a metric space, then 
the set of all non-P-points of K is either vacuous or such that 
its closure is of dimension >0. The following are examples of 
such properties: (i) local connectivity, (ii) regularity (Menger- 
Urysohn sense), (iii) rationality, (iv) being of dimension <n, 
(v) belonging to no continuum of convergence, (vi) belonging 
to no continuum of condensation. In fact, it will be noted that 
in each of these cases, every non-P-point of a compact set K 
lies in a non-degenerate continuum of non-P-points of K. We 
proceed to prove the following theorem. 


THEOREM. If N denotes the set of all non-P-points of a com- 
pact closed set K in a metric space and if K is decomposed upper 
semi-continuouslyt into the components of N and the points of 
K—N, then every point of the hyperspace H is a P-point of H. 


* Presented to the Society, October 27, 1934. 

t For the purposes of the present paper we shall understand by a local 
property of a set K a point property P such that if some neighborhood of a 
point x in K has property P at x, then K has property P at x; and conversely, 
if K has property P at x, then any neighborhood of x in K also has property 
P at x. A point x of K will be called a P-point or a non-P-point of K according 
as K does or does not have property P at x. 

t For the notions relating to upper semi-continuous decompositions and 
for a proof that our particular decomposition is upper semi-continuous, the 
reader is referred to R. L. Moore, Foundations of Point Set Theory, American 
Mathematical Society, Colloquium Publications, 1932, Chapter 5. 
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Proor. Let T denote the continuous transformation of K 
into H associated with our decomposition,* that is, 7(K) =H 
and for each xeH, T-1(x) is either a component of W or a point 
of K—N. Then clearly T() is a set of dimension 0. Thus if we 
suppose, contrary to our theorem, that H has at least one non- 
P-point, it follows by the condition on P that the set of all 
non-P-points of H can not be contained in T(N). Hence there 
exists at least one point x in K—WN such that T(x) =y is a non- 
P-point of H. Let U be a neighborhood of x in K such that 
U-N=0. Then on U, T is a homeomorphism and T(U) is a 
neighborhood of y in H. Since P is a local property and x is a 
P-point of K, x is also a P-point of U. Thus y is a P-point of 
T(U) as U and T(U) are homeomorphic; but then y must be 
a P-point also of H, because T(U) is a neighborhood of y in H. 
Thus our supposition that not every point of H is a P-point 
leads to a contradiction and our theorem is proved. 


Coro ary. If K ts a compact metric continuum, then, choosing 
the properties (i)—(vi) above in turn, we find that the hyper- 
space of the decomposition is, respectively, (i) a locally connected 
continuum, (ii) a regular curve, (iii) a rational curve, (iv) a con- 
tinuum of dimension <n, (v) an hereditarily locally connected 
continuum, and (vi) a continuum having no continuum of con- 
densation. 


Part (i) of this corollary will be recognized at once as the well 
known result of R. L. Mooref to the effect that any continuum 
is a continuous curve with respect to its prime parts, for clearly 
the decomposition in this case is identically the decomposition 
of K into its prime parts. 


THE UNIVERSITY OF VIRGINIA 


* See Alexandroff, Mathematische Annalen, vol. 96 (1926), p. 555; and 
Kuratowski, Fundamenta Mathematicae, vol. 11 (1928), p. 169. 

T See Mathematische Zeitschrift, vol. 22 (1925), p. 308. For the notion of a 
prime part of a continuum together with a similar result for irreducible con- 
tinua, see Hahn, Sitzungsberichte der Akademie der Wissenschaften in Wien, 
Mathematisch-Naturwissenschaftliche Klasse, vol. 130 (1921), pp. 217-250. 
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THE WEB OF QUADRIC HYPERSURFACES 
IN r DIMENSIONS* 


BY T. R. HOLLCROFT 


1. Introduction. Webs of quadric surfaces were defined and 
partially investigated in 1862 by de Jonquiéres.} Later, quadric 
webs were treated by many mathematicians, among whom were 
Cremona, Reye, Steiner, and Sturm.f Still later, the involution 
defined by a web of quadrics was studied by Snyder and 
Sharpe.§ There has been no treatment of webs in a space of 
higher dimension than three. The purpose of this paper is to 
derive the properties of a web of algebraic, quadric hypersur- 
faces in r dimensions. 


2. The Web. The equation of a web of quadric hypersurfaces 
in S, is 


LAfi =0, (i = 1, 2, 3, 4), 
in which the f; are entirely general quadratic functions of 
X1, X2, , X-41. The web has a basis manifold of order 16 


and dimension r—4. A doubly infinite non-linear system of 
quadric hypersurfaces of the web exists such that each hyper- 
quadric of the system has a hypernode, that is, is a quadric 
hypercone. Also, among the hyperquadrics of the web, there 
is a doubly infinite non-linear system of pencils of hyperquadrics 
such that all the hyperquadrics of any one pencil have simple 
contact at one point. The locus of all such contacts as well as 
the locus of the hypernodes or vertices of the quadric hypercones 
of the web, is a surface J, the jacobian of the web. The charac- 
teristics of J will be found in §3. 

The web also contains two singly infinite non-linear systems 
of pencils of hyperquadrics such that all the hyperquadrics in 


* Presented to the Society, March 30, 1934. 

¢ Journal de Mathématiques, (2), vol. 7 (1862), p. 412. 

t Pascal, Repertorium der héheren Mathematik, vol. II, (1922), pp. 629- 
631. Encyklopidie der Mathematischen Wissenschaften, vol. III2, second half, 
pp. 250-254. 

§ Virgil Snyder and F. R. Sharpe, Space involutions defined by a web of 
quadrics, Transactions of this Society, vol. 19 (1918), pp. 275-290. 
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any one pencil have respectively two simple contacts at two 
points and one stationary contact at one point. The loci of the 
pairs of contacts and the stationary contacts are, respectively, 
two curves on J. Likewise, the web contains three finite systems 
of pencils of hyperquadrics such that in any one pencil the 
hyperquadrics have respectively three simple contacts, one 
simple and one stationary contact, one four-point contact. These 
contacts of higher order occur at points of the two curves of J. 
The orders of these curves and the number of hyperquadrics in 
each of the three finite systems are obtained in §6. 

Since the equation of a quadric hypersurface in S, contains 
r(r+3)/2 essential constants and since a hyperplane involves r 
conditions, r(r+3)/2—2r conditions are necessary for a hyper- 
quadric to degenerate into two hyperplanes. Since in the web 
there are but three conditions at our disposal, for r(r+3)/2 
—2r>3, when r>3, the web contains no pairs of hyperplanes. 
For r=3, however, as is well known, the web of quadric surfaces 
contains a finite number, ten, of pairs of planes. 

The postulation of a line on a hypersurface of order m in S, 
is n+1, which equals three for 7 =2. The three conditions that 
a hyperquadric contain a given line are the conditions that the 
hyperquadric contain three points of the line, which are linear 
in the coefficients of the hyperquadric. Therefore one and only 
one hyperquadric of the web is determined by a given line of S,. 

In determining the singular hyperquadrics of a web, however, 
we are concerned with the invariant postulation* J of the ele- 
ment on the hyperquadric. The formula for the invariant postu- 
lation is J =P —gq, in which P is the postulation of the element 
on the hyperquadric and gq is the number of conditions neces- 
sary to determine the position of the given element in S,. For 
example, in the case of a hypernode on a hyperquadric, we 
have P=r+1,q=r, so that J=1. Hence the web of hyperquad- 
rics contains ©? hyperquadrics with a node, that is, © * quadric 
hypercones of the first species. Since a line is determined in 
S, by 2(r—1) conditions, for a line on a hyperquadric in 
S,, we have J=3—2(r—1) = —2r+5, that is, a hyperquadric of 
S, contains lines. 


* T. R. Hollcroft, Invariant postulation, this Bulletin, vol. 36 (1930), pp. 
421-426. 
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The postulation P of a double line on a hyperquadric of S, 
is 2r+1. Hence, for a double line on a hyperquadric, J=2r+1 
—2(r—1) =3. The web of hyperquadrics, therefore, contains a 
finite number of hyperquadrics with a double line, that is, 
quadric hypercones of the second species. Such a hyperquadric 
of S, can be projected from the double line into a general hyper- 
quadric of S,2.* The number of quadric hypercones of the 
second species contained in the web is given in §5. 


3. The Jacobian. The jacobian J is the surface that is common 
to the r—2 independent quartic hypersurfaces of the matrix 
(1=1, 2, 3, 4; 7=1, 2,---,7r+1); it is a surface of 
order mo, class of plane section ao, genus Do. It contains J) lines, 
and has an apparent double curve of order bo, which is of class 
go, and has ¢) apparent triple points, which are also apparent 
triple points of J. We find for J: 


1 1 

1 1 

Do = Pad — 1)(r — 2), lo ron + 1)(r + 2), 


1 
bo = ros r(r — 1)(r — 3)(r + 4)(r? + 2), 


23. 34(go + 4to) = (r — 3)(2r8 + — 157° — 2775 — 12944 
+171r3 — 236r? + 12r — 432). 


For r=4, we have t9=14, go=120. The degrees of the expres- 
sions in 7 for go and fo are 6 and 9, respectively. Sufficient data 
were not at hand to determine them separately for any r. 

The jacobian surface J has no points in common with the 
basis manifold M,*°, of the web. 


4. The Associated Transformation and its Branch-Point Sur- 
face. The transformation py;=f;, (¢=1, 2, 3, 4), associates 
the hyperquadrics of the web uniquely with the planes of a 
three-space (y). The web contains ‘4 pencils of hyperquadrics, 
images of the 4 axial pencils of (y). The image of a line of (y) 
is the basis manifold M,*, of the corresponding pencil of hyper- 


* E. Bertini, Introduzione alla Geometria Proiettiva degli Iperspazi, 1907, 
pp. 120-121. 
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quadrics. The manifold M,‘, is of order 4 and class m;=4(i+1), 
(¢=1,---,r—2). The web contains ©? nets of hyperquadrics, 
images of the ©* bundles of planes of (y). The image of a point 
of (y) is the basis manifold M,°; of the corresponding net. 

The planes of (y) that correspond to quadric hypercones of 
the first species of the web envelop a surface L in (y) called the 
branch-point surface. The surfaces L and J are in (1, 1) corre- 
spondence. The order N of L is the number of intersections of J 
and two hyperquadrics of the web, so that N=2r(r?—1)/3. 

To obtain the characteristics of L, we must find the characteris- 
tics of the branch-point curve L, associated with a net of hyper- 
quadrics in S,. These characteristics have been derived in a 
former paper.* Setting 7=r and m =2 in the formulas, page 265, 
there results for the order m1, class m, genus ~;; numbers of nodes 
61, cusps ki, bitangents 7, inflections 4 of the curve Li: 


1 
nm, = r(r +1), m=r+1, 


—1)\(—2)(r+4), m=3(?-—1) nm=4u4=0. 


As has been proved in a former paper,{ these are the charac- 
teristics of a plane section of the tangent cone of L. 

The characteristics of L will be represented by these symbols: 

N[n’] order [class]; 

ala’| order of tangent cone [class of plane section ]; 

«’[6’]__ number of inflections [bitangents] of plane section; 

x[6] number of cuspidal |nodal] lines of tangent cone; 

order of nodal [cuspidal curve; 

b’[c’| class of bitangential [spinodal] developable; 

q\r’| class of nodal [cuspidal] curve; 

B|y|(4) number of intersections of nodal and cuspidal curves 
which are cusps on cuspidal [nodal] (neither) curve; 

8’ [y’|@’) number of common planes of bitangential and spi- 
nodal developables which are stationary on the spinodal [bi- 
tangential] (neither) developable; 

t[z’] number of triple points [planes] of nodal curve [bi- 
tangential developable]; 


* T. R. Hollcroft, Nets of manifolds in i dimensions, Annali di Matematica, 
(4), vol. 5 (1927-28), pp. 261-267. 
7 T. R. Hollcroft, Transactions of this Society, vol. 35 (1933), p. 859. 
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p’|o’| order of bitangential [spinodal] curve; 

plc] class of nodal [cuspidal developable; 

C number of conic tropes; 

D genus. 

Since the characteristics of the tangent cone are known and 
since from b’=c’=0, we obtain o’ =p’ =f’ = 7’ =0; the re- 
maining characteristics of L are computed by means of the 
Cayley-Zeuthen equations relating the characteristics of re- 
ciprocal surfaces. There results: 


2 
= a=a’=r(r+1), n’=r+1, 
1 
1 
1)(3r? — 8r+8), «’ =r(r? —1), 
1 
b= -~ r(r + 1)[4r(r — 1)(r? — 1) — 87r + 159], 
c = 3r(r + 1)(r — 2), o = 4(r? — 1), 
1 
p= ried + 1)(2r4 — 2r? — 39r + 33), 
B = 2(r + 1)(9r? — 28r + 13), i=? =0, 
y = 2(r + 1)[r2(r? — 1)(r — 2) — 39r? + 1147 — 48], 
t= = (r + 1)(4r8 — 4r7 — 8r® — 253r5 + 481r4 + 2577? 
+ 5130r? — 15570r + 6075), 
+ 1)(2r4 — 29r? + 45r — 6), 


1 
= (r + 1)(5r? — 107 + 2), + 1)(r+ 2), 
=-r(r — 1)(r — 2). 
6 


The image of L is a hypersurface R in (x) of order 4r(r? —1)/3 
which contains the jacobian surface J as a double surface. 


5. The Quadric Hypercones of the Second Species. To the 


r(r+1)(r+2)/6 conic tropes of L correspond uniquely 
r(r+1)(r+2)/6 lines of J. To the plane which has contact with 


i 
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L along a conic, forming a conic trope, corresponds a hyper- 
quadric with the corresponding line of J as a double line, that is, 
a quadric hypercone of the second species. The web of hyper- 
quadrics, therefore, contains r(r+1)(r+2)/6 quadric hyper- 
cones of the second species. The contact conic on L and the 
corresponding line on J are each the image of the other. For 
r=3, the r(r+1)(r+2)/6 quadric hypercones of the second 
species are ten pairs of planes. 


6. Loci of Contacts. As has been stated, J is the locus of 
simple contacts of hyperquadrics of the web; J also contains 
all contacts of higher order. 

To the cuspidal curve c of L corresponds a binodal mani- 
fold c,2 of R of dimension r—2 and order 12r(r+1)(r—2). 
This manifold c,2 and J both lie on R and intersect in a curve 
c, of order 37(r+1)(r—2)/2. The curve c is a contact curve of 
J and c,_». The points of c and c¢ are in (1, 1) correspondence. 
The curve ¢ is the locus of the points of stationary contact 
of pencils of hyperquadrics of the web. 

To the nodal curve b of L corresponds a nodal manifold 5,_, 
of R of dimensions r—2 and order 


2r(r + 1)[4r(r — 1)(r? — 1) — 87r + 159]/9. 


The surfaces J and 6,_» intersect in a curve ; whose order equals 
that of b. The image of 5; is b counted twice. The points of 6 and 
b; are in (1, 2) correspondence. The curve J, is the locus of pairs 
of contacts of pencils of hyperquadrics of the web. 

If P isa point y of L, at which } and c intersect and b has a 
cusp, the image of P on J consists of two points, P; at an inter- 
section of b; and q, and P2 on b; only. The hyperquadrics of a 
pencil of the web have stationary contact at P; and simple con- 
tact at P2. Since L has y such points, the number of pencils of 
hyperquadrics of the web that have one stationary and one 
simple contact is the value of y given in §4. 

If P is a point B of L at which 6 and c intersect and c has a 
cusp, the image of P on J is a point P, which lies at a contact of 
b, and ¢. The hyperquadrics of a pencil of the web have 4-point 
contact at Po. Since L has§ such points, the number of pencils of 
hyperquadrics of the web that have 4-point contact is the value 
of B given in §4. 
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If Pisa triple point ¢ of bon L, P corresponds to three points of 
b;. At these points, the hyperquadrics of three pencils, images 
of the three tangents to b at P, have simple contact. Hence 
the number of pencils of hyperquadrics of the web that have 
three simple contacts is 3¢, in which ¢ has the value given in §4. 


7. Basis Elements. As stated in §2, the web has a basis mani- 
fold of order 16 and dimension r—4. The web may have special 
basis elements which are equivalent to a part of the basis mani- 
fold M}°,. A web of proper hyperquadrics can not have multiple 
basis elements. 

In S3, a web of quadrics with basis points is a special web. 
For r=4 the general web has 16 points, and for r>4 it has an 
infinite number contained in M?° ,. 

For r $4, webs with basis lines are highly special. In S; a basis 
line becomes part of the basis curve and for r= 6, the basis line 
lies on M}°,. Similarly, for planes and elements of higher dimen- 
sion. Webs of hyperquadrics may also have basis curves, sur- 
faces, etc., of given order forming a part of or lying on M}°,. 

The basis elements So, Si, Se, - - - , Sa have the respective pos- 
tulation 1, 3,6,--- , (a+1)(@+2)/2 on a hyperquadric in 

Since a web must contain three and only three arbitrary 
parameters, in establishing a web of hyperquadrics in S, there 
are r(r+3)/2—3 constants at our disposal. For r=3, this num- 
ber is 6, that is, a web may have a maximum of 6 basis points 
or 2 basis lines. For r=4, this number is 11, that is, a web in S, 
may have 1, 2 or 3 basis lines in which cases it has also 11, 6, 1 
basis points, respectively. In S,, finally, the maximum number of 
basis lines in a web of hyperquadrics is the largest integer con- 
tained in (r?-+3r—6) /6. 

Similarly, a web of quadric hypersurfaces in S,; may have one 
and only one basis plane, in which case it has in addition 5 basis 
points. The maximum number of basis planes in a web of quad- 
ric hypersurfaces in S, is the largest integer contained in 
(r?-+3r—6) /12. 

Finally, the maximum number of basis S,’s that can be as- 
signed to a web of quadric hypersurfaces in S, is the largest in- 
teger contained in (r?+3r—6)/[(a+1)(a+2)]. 
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A FACTORIZATION THEORY FOR POLYNOMIALS 
IN x AND IN FUNCTIONS e® 


BY L. A. MacCOLL 


1. Introduction. In this note we consider the problem of 
determining all representations of a function of the form 


N 
(1) f(x) = ®,(x)em, 

n=0 
where the ®’s are polynomials and the a’s are constants, as a 
product of functions of the same form. The case in which the 
®’s are constants has been discussed by J. F. Ritt.* As would be 
expected, the solution of the general problem possesses some 
features that are rather different from those appearing in the 
special case. 

It is assumed, of course, that no one of the ®’s is identically 
zero, and that if N>0, no two of the a’s are equal. The case of 
chief interest is that in which N>0 and in which the ®’s have 
no common zero. The discussion will be confined to this case. 
We select those of the a’s for which the real parts are least, and 
of the constants so selected (if there be more than one) we select 
the one for which the coefficient of (—1)'/? is least. Let the 
constant so selected be denoted by ao. We assume that ao=0. 
The class of functions of the form (1) satisfying the conditions 
stated in this paragraph will be called C. 

If f(x), filx),---, f(x) are all of the form (1), and if 
f(x) =fi(x) --- f.(x), we shall say that f(x) is divisible by each 
of the functions f;(x), and each of the latter functions will be 
called a factor of f(x). A function which is divisible only by 
itself and by functions of the form Ae**, where A and @ are 
constants, will be called irreducible. 

2. Reduction to a Problem Concerning Polynomials. Monomial 
factors of f(x) are, in a certain sense, trivial. Henceforth we con- 
sider only factors having at least two terms. These factors may 
be taken as belonging to the class C. 

Suppose that the function 


* J. F. Ritt, A factorization theory for functions Dd ie10:e"*, Transactions 
of this Society, vol. 29 (1927), pp. 584-596. 
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P 
g(x) = 
p=0 


is a factor of f(x). Ritt has shown in effect that each 6 is a linear 
combination of the a’s with rational coefficients. He has also 
shown the existence of a set of numbers pu, - - - , pg, which are 
linearly independent with respect to rational coefficients, and 
which are such that each a is a linear combination of the p’s 
with non-negative integral coefficients. Each 6 is a linear com- 
bination of the p’s with non-negative rational coefficients. 
Consider a representation of f(x) as a product of factors, 


N 
(2) f(x) = = TT 


The a’s and @’s in this equation are understood to be expressed 
in terms of the p’s as explained above. In each ® and W in (2) 
we replace x by the indeterminate yo, and we replace each func- 
tion exp(kpix), where k is a non-negative rational number, by 
y:*. Equation (2) is thus replaced by a relation in the y’s which 
is easily seen to be an identity. Each of the indeterminates 
Yi, °° * ,¥q can be replaced by a positive integral power of itself 
in such a way that the right-hand member of the relation in 
the y’s obtained from (2) becomes a polynomial in the y’s. The 
relation thus obtained is an identity. 

We now have a method for factoring f(x). First we express 
the a’s as linear combinations, with non-negative integral coeffi- 
cients, of numbers - - - , pg which are linearly independent 
with respect to rational coefficients. In each of the polynomials 
®, we replace x by yo, and we replace exp(p:x) by yi, thus ob- 
taining a polynomial Q(yo, 1, --- , ¥¢). In this polynomial we 
replace the indeterminates y;, (¢>0), in all possible ways by 
positive integral powers of themselves, thus obtaining a family 
of polynomials Q(yo, y14, - - - , yq‘*). To each resolution of each 
of these polynomials into factors there corresponds a factoriza- 
tion of f(x). All factorizations of f(x) are obtained in this way. 


3. The Problem Concerning Polynomials. Because of the con- 
ditions that we have imposed on f(x), the polynomial Q has no 
non-constant monomial factor. Let Q:(yo, - , ¥») be an ir- 
reducible factor of Q. We shall consider the question: For which 


n=0 s=1 p=0 
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positive integers ¢; is the polynomial Q:(yo, yi", ---, re- 
ducible? This is a modification of a problem studied by Ritt 
in his paper, and later by E. Gourin, who simplified the proofs 
and obtained stronger results.* The modification lies in the fact 
that, whereas in the problem of Ritt and Gourin all of the varia- 
bles enjoy the same status,in our problem we may have one 
variable, yo, that is exceptional in that it is not replaceable by 
a power of itself. 

If Q: is independent of yo, we have the case considered by 
Gourin. Henceforth we assume that Q; depends on yp. 

Suppose that Q; has at least three terms. By Gourin’s theory, 
if there exists a set of positive integral ¢’s such that the poly- 
nomial Q:(yo', y14, --- , is reducible, there exists one and 
only one finite aggregate of sets of positive integers 


having the following properties. (1) For each m, the polynomial 
Qi(yo'm, --+- , is reducible. (2) If Qi(yo",--- , is 
reducible, there exists in the aggregate (3) one and only one set, 
say tjo,--- , tj, such that each ¢; is an integral multiple of ¢;;, 
say ¢;=6;t;;, and the irreducible factors of Q,(yo",--- , y,‘») 
are obtained by replacing each y; by y,** in the irreducible fac- 
tors of - - - , 

If no one of the numbers fmo is unity, there exists no set of 


such that Q1(yo, yi"l,---, is reducible. Now suppose 
that tio=feo= --- =tyo=1, and that for m>p. Then the 
sets 

have the following properties. (1) For each m, 1Sm&u, 
Qi(yo, - - , is reducible. (2) If Qi(yo, 14, , 
is reducible, there exists in (4) one and only one set, say 
ti, ---, tj, such that each ¢; is an integral multiple of ¢;:;, say 
t;= 6;t;;, and the irreducible factors of Q:1(yo, y14, ---, are 


obtained by replacing y1,---, y» by yi4,---, respec- 
tively, in the irreducible factors of Qi(yo, yi‘a, --- , The 


* E. Gourin, On irreducible polynomials in several variables which become 
reducible when the variables are replaced by powers of themselves, Transactions 
of this Society, vol. 32 (1930), pp. 485-501. 
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aggregate (4) is the only aggregate of sets having these two 
properties. 

Now suppose that Q; has only two terms, so that, with a 
proper assignment of the subscripts, it is of the form 


where a and 3b are constants, and the X’s are positive integers. 
By Gourin’s theory, the infinite system of sets of positive in- 
tegers 


where ¢;;=k/d:i, di; being the greatest common divisor of \; 
and k, has the following properties. (1) For each k>1, the 
polynomial Q:(yo,---, y,) is reducible. (2) If 
Q:(yo%, -- - , y») is reducible, there exists in (5) one and only 
one set, say tjo, - - - , tj,, such that each #; is an integral multiple 
of ¢;;, say ¢;=6;t;;, and the irreducible factors of Qi“ are ob- 
tained by replacing each y; by y,*i in the irreducible factors of 
Qi(yo', --- , y,*i”). The system (5) is the only system of sets 
of integers having these two properties. 


If no one of the numbers f20, t30, - - - is unity, there is no set 
of positive integral ¢’s for which Q:(yo, yi", - - - , is reduci- 
ble. Now suppose that tn,o=tmo= °*- =1, and that the re- 
maining numbers of the set ¢20, f30,--- are all different from 
unity. Then the system of sets 


has the following properties. (1) For any set of (6) the poly- 
nomial Q:i(yo, yitm,---, y,‘me) is reducible. (2) If for any 
positive integral ¢’s the polynomial Q,(yo, yi", - - - , is re- 
ducible, there exists in (6) one and only one set, say fm;1,--- , 
tms», such that each é; is an integral multiple of tm;:, say ti = bit m;i, 
and the irreducible factors of Q1(yo, - - - , are obtained 
by replacing y1,---, y, by y1°1,---, respectively, in the 
irreducible factors of Q1(yo, yi'mi, --- , The system (6) 
is the only system of sets of positive integers having these two 
properties. 

The system (6) does not exist if A\o=1; if Ao>1, the system 
exists, the integers m, me, - - - being precisely the divisors of Xo 
that are greater than 1. If the system (6) exists, the number of 
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sets in it is finite. This is the outstanding novelty introduced by 
the presence of the exceptional variable yo. 


4. The Factorization Theorem. We are now ready to complete 
the solution of our problem. We begin by resolving Q into its 
irreducible factors. The irreducible factors which do not contain 
yo are treated as in Ritt’s theory. Those which contain at least 
three terms give rise to irreducible factors of f(x). Those which 
have only two terms give rise to a definite set of factors of the 
form bo +>.” ,b; where the b’s are constants, the 
in each function have rational ratios to one another, and any 
two §’s in different functions have an irrational ratio. Ritt calls 
these factors simple functions. A simple function has an infinite 
set of factors. 

Consider an irreducible factor of Q, say Q1, which contains yo. 
We have seen that either there are no positive integral ¢’s for 


which Q;(yo, y1"t, - - - , yy”) is reducible, or there exists one and 
only one finite aggregate of sets of positive integers 
tmiy* * * y bmyy (m =1,---,M), 


which have the following properties. (1) For each value of m, 
Oi(yo, - , is reducible. (2) If Qi(yo, --- , 
is reducible, there is one and only one value of m, say uw, such 
that each ¢; is an integral multiple of ¢,;, say ¢;=6;t,:;, and the 
irreducible factors of Q:(yvo, , are obtained by re- 
placing y:,---, by , respectively, in the irre- 
ducible factors of Qi(yo, yi‘, -- , 

If no set of #’s exists such that Q:(yo, yi", - - - , y»‘») is reduci- 
ble, the function Q(x, e”,--- , e’*) is an irreducible factor of 
f(x). 

If a set of é’s exists such that Q1(yo, yi", - - - , ¥»‘v) is reducible, 
we have a relation of the form (in the notation used above) 


Km 
k=1 


where the Q’s in the second member are itreducible. Let the 
value of m be selected so that K,, has its maximum value. Then 
each of the functions 


is irreducible. In fact if this were not so, there would exist a 
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set of positive integers 5; such that Q:(yo, yi", - - - , would 
be resolvable into more than K,, factors, which is not the case. 
Each of the functions (7) is a factor of f(x). 

When we multiply together the simple functions coming from 
the irreducible binomial factors of Q which do not involve yo 
and the irreducible functions coming from the remaining irre- 
ducible factors of Q, we have a resolution of f(x) into factors 
belonging to the class C. It is easily seen that this factorization 
is unique. Thus we have the following theorem. 


THEOREM. A function f(x) belonging to the class C can be ex- 
pressed in one and only one way as a product 


= I1(%) - + Im(x)Si(x) - - Sp(x), 


where each factor belongs to C, the I’s are irreducible functions, 
and the S’s are simple functions, bo +>_b; exp (8x), such that the 
ratio of any two B’s in different functions is irrational. 


BELL TELEPHONE LABORATORIES 


THE NUMBER OF TRISECANTS OF A SPACE CURVE 
OF ORDER m WHICH MEET AN i-FOLD SECANT* 


BY L. A. DYE 


The number of trisecants of a space curve Cm, of order m, 
which meet a general line was determined by Zeuthen,f but if 
the line happens to be an i-fold secant, i>2, it lies on the ruled 
surface of trisecants and the formula fails. In algebraic geom- 
etry some extension of Zeuthen’s work to cover this neglected 
case is often necessary, so by means of a correspondence we 
show that the number of trisecants of a C,, which meet an 7-fold 
secant / is 


(m -- 2)[h — m(m — 1)/6] — i(h — m + 2) + i(i —1) (i- 2)/6, 


where h is the number of apparent double points of Cm. 
In the plane determined by / and one of the h’ =h—i(i—1)/2 


* Presented to the Society, October 27, 1934. 
{ H. G. Zeuthen, Sur les singularités des courbes gauches, Annali di Mate- 
matica, (2), vol. 3 (1869), pp. 175-217. 
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bisecants of C,, through any point A on /, let A, B be the points 
of C, on the bisecant and let C;, [j=1, 2,---, (m—i—2)], 
denote the points of C,, not on / or the bisecant. The lines AC; 
and BC; determine 2(m—i—2) points » on J, and when all 
of the h’ bisecants through the point \ are considered there are 
2(m—i—2)h’ points up determined by each point XA. Since the 
relationship between the points A and yu is symmetrical, there 
exists a [2(m—i—2)h’, 2(m—i—2)h’] correspondence. The 
4(m—i—2)h’ coincidences of this correspondence fall into three 
classes. 

1. In the plane determined by / and a trisecant of C,, meeting 
l let A, B, C be the points of C,, on the trisecant. If the line 
is thought of as AB, then AC and BC each account for a coinci- 
dence. Similarly the line may be taken as AC or BC, so that 6 
coincidences arise from each of the x trisecants of C meeting 1. 

2. Since there are r=m(m—1) —2h tangents to C» meeting an 
arbitrary line, there are r'=r—22 tangents meeting /. In the 
plane of one of these tangents and /, let A=B be the point of 
tangency and C; any one of the m—i—2 residual intersections 
of C,, not on I. For each line AC; there arises one coincidence 
due to BC;, hence there are (m—i—2)r’ coincidences due to the 
tangent lines meeting /. 

3. In the plane determined by/ and a tangent to C,», at one 
of the 7 intersections with /, call the point of tangency A=B. 
Join A to one of the m—i—1 residual intersections C; of Cn, 
then the lines joining B to the m—i—2 remaining points C; 
determine m —i—2 coincidences. Since there are m —i—1 choices 
for C;, and i points on J, there are 1(¢m—i—1) (m—i—2) coin- 
cidences accounted for in this case. 

We now solve the equation 


4(m — i— 2)h’ = 6x + (m — i — 2)r' + i(m — i —1)(m — i —2), 
and obtain 
a= 
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DEGREE OF APPROXIMATION BY POLYNOMIALS 
TO CONTINUOUS FUNCTIONS* 


BY W. E. SEWELL 


1. Introduction.{ This paper is primarily concerned with 
functions analytic in a given region and continuous in the cor- 
responding closed region; the region is in all cases bounded by 
an analytic Jordan curve with no double points. The existence 
of polynomials which converge uniformly to the function in the 
closed region has been established by Walsh{ for more general 
regions, but it is frequently convenient to have more precise 
results in the study of functions on the boundary of the region. 
The method used here is essentially a reduction of the problem 
to the expansion of a function in a Fourier series and conse- 
quently the function is assumed to satisfy a Lipschitz or Hélder 
condition. An extension of the classical theory of Fourier series, 
identification of this expansion with the Taylor expansion on 
the circumference of the unit circle, and a study of the degree of 
approximation of Faber’s polynomials belonging to the region 
form the basis of this investigation. 


2. Relation between the Fourier and Taylor Expansions. The 
following theorem can be proved easily by separating the func- 
tion into its real and imaginary parts and examining the coef- 
ficients. 


THEoREM 1. Let F(x) be analytic in |x| <1, continuous in 
| x| <1. Then the Taylor development for F(x) about x=0 is pre- 
cisely the Fourier development for F(x) on the circumference, 
| x] =1. 


If F(x), besides being continuous in the closed circle, satisfies 


* Presented to the Society, December 28, 1934. 

T This is a portion of a thesis written at Harvard University under the di- 
rection of Professor J. L. Walsh, and I am indebted to him for constant aid 
and encouragement. 

t J. L. Walsh, Mathematische Annalen, vol. 96 (1926), pp. 430-436 and 
pp. 437-450. 
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a Hélder condition* of order a, (0<a<1), then the results on 
degree of approximation of Fourier series may be applied, where 
F(x) is considered as a complex function of the real variable 6. 
It is necessary in this connection to show that | F(x) —F (x2) | 
<M| x1 —x2|", x, =e, implies 


| = | M, | 6; = 


| u(0,) — | <M, | 0; — 02 


where F(e*) =u(@)+70(0), and this can be done without dif- 
ficulty. Also if | (x) — (x2) | where pis a 
positive integer or zero and F‘?)(x) is the pth derivative (the zero-th 
derivative is the function itself), then the pth derivatives of u(@) 
and v(0) satisfy the corresponding conditions in 0. 


3. Degree of Convergence of Fourier Series.¢ A classical result 
in Fourier series is the following: 


THeEorEM 2. If | f(x:1) —f(x2)| $M|xi—xe| for all values of x 
and x2, M being a constant, then | f(x) —S,(x)| <(AM log n)/n, 
where A is an absolute constant and S,(x) is the sum of the first n 
terms of the Fourier series for f(x). 


This theorem in real variables can be extendedf to include 
Hélder conditions of order a, (0<a<1). Now by an application 
of the results of §2 we get the following theorem. 


THEOREM 3. If F(x) is analytic in |x| <1, continuous in 
| x| <1, and on the circumference | F(x1) — F(xe)| <M|x,:—xe], 
then 


| F(x) — P,(x)| < (M, log n)/n, | «| <1, 
where P,(x) ts the sum of the first n terms of the Taylor develop- 
ment of F(x) about x=0. 


Finally, by further application of the results on Fourier 
series and the relation to the Taylor development, we get the 
following theorem. 


* That is, | F(x:) — F(x2)| <M] here the Hélder condition will be 
used to include the case where a=1. 

7 For the results used here on real variable approximation see Dunham 
Jackson, Theory of Approximation, 1930. 

t See Jackson, loc. cit., pp. 4 ff. The proof goes through with slight modifi- 
cation for this case. 
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THEOREM 4. If F(x) is analytic in |x| <1, continuous in 
|x| <1, and | F®)(x;) — F®(x2)| M|x1—22|*, (0<aS1), where 
p is a positive integer or zero, then 


| F(x) — P,(x)| (My log n)/n?*e, |x|<1. 


4. Faber’s Polynomials. Let C be an analytic Jordan curve in 
the x plane and let 


(1) =1/t+ BM) 


map the exterior of C on the region | t| <r of the complex ¢ plane, 
carrying x= © into =0. Due to the analyticity of C, the right- 
hand side of (1) converges for | t| <r’,r’>r, and yields a uniquely 
inversible map. Denote |t| =p<r’ by K, and let its image in the 
x plane be C,; then C,=C. Faber’s polynomials* for the given 
region are defined as follows: P,(x) is the polynomial in x of 
degree m such that the coefficient of x" is unity, and, as a func- 
tion of ¢ through (1), it has zero coefficients for the terms in 
pont? ... hence P,(x) where 
converges for | z| <r’. Faber has proved that any function ana- 
lytic interior to C can be developed ina series, >a, P,(x), which 
converges to the function at every interior point, and, conversely, 
every series which converges in the interior of C represents an ana- 
lytic function. 


5. Convergence to F(x) in the Closed Region. Now let F(x) be 
an arbitrary function analytic in the region bounded by C,, an 
arbitrary analytic Jordan curve, let the function be continuous 
in the corresponding closed region, and let F(x) satisfy a Lip- 
schitz condition (Hélder condition of order one) on C,. Under 
these conditions the convergence of Faber’s polynomials to 
F(x) in the closed region will be established. 

By Faber’s results F(x) =>_¢a,P,(x), x within C,. Since the 
curves are analytic, X =y(r), where X is on C, and 7 is on K,, 
is analytic and, consequently, | F(X1) — F(X2)| <A|X,-X,| 
implies 

| FW(r1)) — | A] — |, 
where X1=y(71), X2=y(72). But since y(t) is analytic on K,, 
| ¥(71) —(72)| S$ B|71—72|, and hence 


* G. Faber, Mathematische Annalen, vol. 57, pp. 389-408; Journal fiir 
Mathematik, 1920. 
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Thus F(y(¢)) satisfies a Lipschitz condition on K,. From above, 


= +B), <r), 


where <G/r’’, G fixed; a, = [1/(2mi) 
We may write F(y(t)) in the form 


(2) FY) = a,/t + bt”, (p <|t| <r’). 


Since the right-hand side is analytic in p< t| <r’, > bt” is 
analytic in |t| <r’. Now define $(t) = —)>, b,4’+F(y(t)). This 
function is analytic in p<|t| ke F(y(t)) satisfies a Lipschitz 
condition on |t]=p and —)> 6,” is analytic in |t| <r’, and 
hence (?) satisfies a Lipschitz condition on | | =p. From (2), 
(t) =>, a,/t’, (p<|¢| <r’), and under the transformation 
t=p/y, o(p/y) =P(y), By) is represented by its Taylor develop- 
ment* in the ring p/r’<|y| <1. The function @(y) may be de- 
fined throughout the unit circle by this convergent power series, 
and since ®(y) is analytic throughout the unit circle, and satis- 
fies a Lipschitz condition on the circumference, by Theorem 3 
the Taylor development converges to ®(y) on | y| =1. This 
means that 


<r); 
1 0 
and hence 


FW) = + Doe, (9 <r’), 


which means convergence in the closed pons 

By Theorem 3 we have | b(y) —>a <(M log n)/n on 
and interior to | y| =1. But y=p/t and ®(y) 
= F(y(t)) -> b,t’, whence 


FW) — Sor - < log n)/n, 
1 0 


* The original expression for ay under the transformation above serves to 
show that a,/p” is the wth Taylor coefficient of 6(y). 


0 
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which means that 


| < (Af log = 9). 


n+l 
But 
1 1 1 n+1 
and hence 


— Doe — =F) — ¥ 


n 


= — — — ¥ 
1 0 


= FW) — +B) — 
Thus 
| FW) — + 18,() | | | 
0 n+l 


(3) 


a, | | tB,(2) |. 


< (M log n)/n + > 


n+1 


But | <G/r'’, G fixed, p<r’, | <r’, and 


| a, | = < 2xpMp-1/(2x) = Mp’. 


1 
Per dr 


Since F(x) satisfies a Lipschitz condition on C,, it is bounded 
there and thus F(y(#)) is bounded on K,. Hence 


n+1 n+1 n+1 


= MGY 


n+1 
But the remainder of a geometric series with quotient less than 
unity is of order less than (log 2) /n.* In consideration of this fact, 
an application of (4) to (3) yields 


(4) 


* This follows directly from the fact that nx**! for |x| <1 is the mth term 
of a convergent series. We shall use the fact that this geometric remainder is 
less than (log )/n*, (0<a<1), in a later proof. 
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(5) | — + 08,0) | < (A’ log n)/n, K,). 


The constant A’ can be adjusted so that this inequality holds 
for all Since x=y(#) and P,(x) (4) becomes 


< (A’ log n)/n. 


F(x) a,P,(x) 


The result can be stated as follows. 


THEOREM 5. If F(x) is analytic interior to the analytic Jordan 
curve C,, continuous in the closed region, and satisfies a Lipschitz 
condition on C,, then 


x on or within C,, where A’ is a constant independent of x and n 
(A’ depends on F(x) and on C,) and P,(x) is the Faber polynomial 
of degree v belonging to the region. 


6. Extension to Hilder Conditions and Derivatives. Suppose 
F(x) satisfies on C, a Hélder condition of order a, (0<a3S1), 
with the remaining hypotheses unchanged. By examination of 
the above it is seen that the first modification will come in (2) 
and by Theorem 4 the inequality will be 


n 


&(y) — >> a,y"/p’ | < (M log n)/ne. 


0 


The geometric remainder can be handled as before,* and we get 
the following theorem. 


THEOREM 6. If F(x) is analytic interior to C,, continuous in the 
corresponding closed region, and if 


| F(X1) — F(X.)| < M| X,|", (0<a<1), 


X,, X2 on C,, then 


F(x) — > a,P,(x) | S (A’ log n)/n*, x on or within C,. 


0 


* See preceding footnote. 
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Now suppose, we have, instead of a Lipschitz condition on the 
function, | F)(X,) — F®(X2)| < M|X:—X.|*, (0<aS1), pa 
positive integer. Let F(x) = F(p(t))=f(t) and t=¢(x). Then 
dt=¢'(x)dx, dt/dx='(x). Since F(x) has a pth derivative on 
C,, f(t) has a pth derivative on K,. We have 

df dt 


d dF d 
= — — = — [f'(¢'(x)] = + 
dx dx dx 
= f'(t)¢’"(x) + 


Now, since $(x) is analytic, all its derivatives satisfy Lipschitz 
conditions on C, and hence with respect to ¢ on K,, and since 
f(t) has a pth derivative on K, its derivatives of all orders less 
than p satisfy Lipschitz conditions there, and hence it is seen 
that f‘(#) satisfies the corresponding Hélder condition on K,. 
The geometric remainder can be treated just as above, and thus 
we have the following theorem. 


THEOREM 7. Let F(x) be analytic in the region bounded by the 
analytic Jordan curve C,, continuous in the corresponding closed 
region, and further let 


| F(X,) — F(X,)| (©<a1), 
X1, Xz on C,, p a positive integer or zero; then 
F(x) — >> a,P,(x) | S (M, log n)/n”*e, x on or within C,. 
0 


This theorem includes all the preceding results as special cases. 
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A POLAR REPRESENTATION OF 
SINGULAR MATRICES 


BY JOHN WILLIAMSON 


Let A =(a;;), (@=1, 2,---,m;j7=1,2,---,m), be a matrix 
of m rows and n columns, whose elements a@;; are complex num- 
bers. It has been shownf that, if m=n and A is non-singular, 
A=P,U=UPz2, where U is a unitary matrix, while P; and P2 
are positive definite hermitian matrices. Moreover in such a 
polar representation of A, as it has been called, the matrices 
P,, Pz, and U are uniquely determined. We shall show that, if 
m =n and the rank of A isr<n, A = P,U = UP», where P; and P2 
are uniquely determined positive hermitian matrices of rank r 
and U is unitary but no longer unique. Any such representation 
of course is impossible if mn, as by definition both hermitian 
and unitary matrices are square, but it will be shown that some- 
what analogous results exist in this case as well. 

As is customary we shall denote the conjugate transposed of 
A by A*=(a§), where a*=4;;, the complex conjugate of a;;. 
We shall use this notation, even if A isa vector, that is, a matrix 
of one row, so that in this case A A* will simply denote the norm 
of the vector A. For the sake of brevity we shall use the nota- 
tions E; for the unit matrix of order j and 0;,; for the zero matrix 
of 7 rows and j columns. 

The matrix N,;=AA* is a square matrix of order m and the 
matrix N2=A*A is a square matrix of order m, and since 
N,=N# and N.=N#, both of these matrices are hermitian. 
Moreover, if the rank of A is 7, the rank of N; is r and so is the 
rank of N2. For, if K is the rth compoundt of A, at least one 
element k;; of K is different from zero. The element in the ith 
place of the leading diagonal of the product matrix KK* is 
> kikit, which is a positive real number, since k;; is not zero. 
Accordingly there is at least one r-rowed determinant of WM, 


7 L. Autonne, Bulletin de la Société Mathématique, vol. 30 (1902), pp. 
121-134. A. Wintner and F. D. Murnaghan, On a polar representation of non- 
singular matrices, Proceedings of the National Academy of Sciences, vol. 17 
(1931), pp. 676-678. 

t Turnbull and Aitken, The Theory of Canonical Matrices, p. 27. 
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which is not zero, so that the rank of JN, is at least r. Since the 
rank of N; cannot exceed the rank r of A, the rank of Nj is 
exactly r. Similarly the rank of N-¢ is r. 

Since N, is a hermitian matrix of rank 7, there exists an m- 
rowed unitary matrix X such thatt 


D 0, m—r 
(1) XN,X* =D= ( ), 


where Dy, is a diagonal matrix of order 7. If B= XA, B* = A*X*, 
so that 


(2) BB* = XAA*X* = XN, X* = D. 

If we denote the row vectors of B by b;, (¢=1, 2,---,m), the 
column vectors of B* are b¥, (t=1, 2, - - - , m), and the element 
in the ith row and jth column of BB* is b;b¥. It therefore follows 
from (1) and (2) that 0:;b*=0, (@=r+1,---,m). Hence Bisa 
matrix whose last m—r rows are zero so that 


(3) B= im ) 


where B, is a matrix of r rows and m columns. By a similar argu- 
ment applied to N2 instead of to Ni, it can be shown that there 
exists an ”-rowed unitary matrix Y such that 


(4) AY = (B, 


where Bz is a matrix of m rows and r columns. From (3) and (4) 
we deduce that 


Cu 
(5) XAY =C= ; 
| 


where Cy is an r-rowed square matrix, which is non-singular 
since the rank of A is r. Since XNiX*=XAYY*A*X*=CC™, 
it follows from (1) and (5) that 


(6) = Dy. 


Denoting by c;, (i=1, 2, ---, 7), the row vectors of Cu, and by 
d; the element in the ith place of the diagonal matrix Du, we 


¢ Turnbull and Aitken, op. cit., p. 85. 


E 


120 JOHN WILLIAMSON (February, 


deduce the equalities (t4j), cc*=di, (i, j=1, 


2,---, 7). Hence d; is a positive real number and the vector 
c;/d;? is a normalized vector. Consequently the matrix 
0 
0 0 a 


is unitary and 
(7) Ci 


where Vy is a unitary matrix of order r and Qu=(Dy)!/? is a 
positive definite hermitian matrix of order r. Using the value of 
C given by (5), we have, from (7), 


V 
C = 1l ) 
Now if mn, this last result may be written in the form 


(9) C=@Q 


(8) 


where 
Q = ) V = 
Q being a positive hermitian matrix of order m and rank r, 
while V is a unitary matrix of order m. Moreover, if 


(10) C=@: Omn—m)Vi 


is another such representation of C, where Q, is a positive her- 
mitian matrix of order m and rank r and JV, is a unitary ma- 
trix of order m, we see that CC*=Q,0*=Q? =D, so that 
Q, = D'/?=Q. Accordingly we may write (10) in the form 


— 
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where Wi is an r-rowed square matrix, V2. an (n—r)-rowed 
square matrix, Vi. an r by n—r and Va an n—r by n matrix. 


Hence 
C= ie ), 


and comparison with (8) shows that Wiy,= Vy and Vi2=0,,n_,. 
Since ViV*#=E,, it follows easily that V2=0,_,,, and that 
"2 V20* = E,_,. Hence the matrix V; in (10) is of the form VW, 


where 
E, 
W= 
and V2 is an arbitrary unitary matrix of order n—r. We have 
therefore proved the following lemma. 


LemMA. The matrix C can be represented in the form 
C=(Q On-m) Vi, where Q is a positive hermitian matrix of order 
m and rank r and V, ts a unitary matrix of order n. The matrix 
Q is unique while the matrix V, is one of a set [Vi:]=[VW], 
where V ts a fixed unitary matrix and W ranges over a group G 
of unitary matrices of order n simply isomorphic with the group 
of all unitary matrices of ordern—r. 

Since A = X*CY*, by (9), 


A=X*Q Omn-m)V¥* = X*(QQ Om Xi 


where 


Hence 
A =(X*QOX Omn-m)X#VY* =(P Omn_m)U, 


where P= X*QX is a positive hermitian matrix of order m and 
rank r, while U=X#VY* is a unitary matrix of order n. If 
A=(P; Om,n—m)Ui is another such representation of A, it 
follows easily from the previous lemma that XPi:X*=Q, so 
that P,=P, and that U;= UZ, where Z= YW Y*. Accordingly 
we have proved the following theorem. 


Omn—m 
Xi = ), 


122 JOHN WILLIAMSON (February, 


THEOREM. If A is a matrix of m rows and n columns of rank 
rand mn, A can be represented in the form 


(11) A = (P, 


where P, is a positive hermitian matrix of order m and rank r and 
U, is a unitary matrix of order n. The matrix P, is unique while 
the matrix Uy is one of a set [Ui1]=[UZ,], where U is a fixed uni- 
tary matrix and Z, one of a group G; of matrices, simply isomor- 
phic with the group of all unitary matrices of order n—r. 


CoROLLARY. Under the above hypotheses the totality of unitary 
matrices Z, for which AZ,=A forms a group simply isomorphic 
with the group of all unitary matrices of order n—r. This group is 
the group 


For if AZi:=A, (Pi Om.n—m)UZ;=(P1 Om.n—m)U, and Z’ 
must lie in G;. Similarly if Z,; lies in G,, AZ,=A. 

If m =n, A* is a matrix in which the number of its rows is at 
most equal to the number of its columns. Accordingly, under 
this hypothesis our theorem is true if A is replaced by A*. Hence, 
if m=n, A can be represented in the form 


(12) A=U, ), 


where P2 is a uniquely determined positive hermitian matrix of 
order » and rank r and Uz is one of a set [U2] =[Z2U], where Z2 
ranges over a group G2 simply isomorphic with the group of all 
unitary matrices of order m—r. 

When m=n, that is, when the matrix A is square, some 
further results follow. In this case equations (11) and (12) be- 
come 


(13) A = PiU x, 
and 
(14) A = U2P2, 


respectively, where P; and P2 are positive hermitian matrices 
of rank r and U; and U2 are unitary matrices. The two groups 
G; and G2 are simply isomorphic; the two sets [U,| and [U2] 
coincide; if U; belongs to the set [Ui], Pe=U#PiU;. The first 
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statement is obviously true; if U; lies in [Ui], A =Ui:U#PiU; 
and, since U#*P,U; is a positive hermitian matrix of rank 1, 

*P,U,;=Pz and U;, lies in [U2]. Similarly any member U2 of 
[U2] lies in [U,]. Further the matrix P, is invariant under uni- 
tary transformation by any matrix of the group G;, and P, under 
transformation by any matrix of the group Gz. For if Z; lies 
in G,, AZ,;=A so that A=U2Z,Z;*P2Z;, and accordingly, 
= Pe, 
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The Birkhoff-Pfaffian equations of dynamics are written in 
variational form as follows: 


where Q and the X’s are functions of x1, - - - , Xz2m and, in general, 
depend also periodically upon ¢t, and where the skew-symmetric 
determinant | a;;| , (a;;=0X;/dx ;—OX ;/dx;), does not vanish 
in the regions considered. We restrict attention to the neighbor- 
hood of a generalized equilibrium point, that is, a point where 
all the 0Q/dx;—0X;/0t vanish identically in ¢. We take this 
point at the origin, x;=0, (¢=1,2,---, 2m). 

The problem of reducing the Pfaffian system to a Hamiltonian 
system can be reduced to that of finding a non-singular trans- 
formation, x;=x;i(y1,---, Yem), leaving the origin invariant 
(and depending in general periodically upon ¢#) which reduces 
the linear differential form X;dx; to the form yoid 
+dw, where dw is an exact differential in y;, - - - , Yem, the coef- 
ficients of which are independent of ¢. This same problem also 
will play an important role in a future paper of mine on “con- 
servative” transformations in 2m-dimensional spaces. 

The problem has been considered by Féraud,f who obtained a 


* National Research Fellow. 
1 Extension au cas d'un nombre quelconque de degrés de liberté d’une propriété 
relative aux systémes Pfaffiens, Comptes Rendus, vol. 190 (1930), pp. 358-360. 
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solution based on the fundamental existence theorem of Riquier 
for systems of partial differential equations. It appears, how- 
ever, highly desirable to give a more elementary proof based on 
existence theorems for ordinary differential equations. The result 
is thus not limited to the analytic case, as it was by the use of 
Riquier’s theorem in Féraud’s proof. 

Our proof follows a well known line of thought expounded by 
Goursat.* There are several reasons, however, why Goursat’s 
writings on the reduction of linear differential forms are not im- 
mediately applicable. For one thing, the transformations used 
by him do not necessarily leave the origin invariant. Also there 
are important cases where his reasoning might fail. f The present 
treatment does not presuppose a knowledge of Goursat’s work. 

We split up our proof into a number of easy lemmas. 


Lemma 1. Consider a linear differential form X dx; 
which under a non-singular transformation of coordinates, 
xi=g:(V1, appears also in the form Then we 
have the following elementary relations: 


n 0g; 
(1) x,( ‘), 
= 1 OY: 
(2) oY; oY, = 
Oy, OY; 1,721 \OX, O2;/ Oy, OY; 


The proof of (1) is trivial, while (2) is deduced at once from 
(1) by differentiation with respect to y,, interchange of indices, 
and subtraction. In the sequel, we shall uniformly set 
a;;=0X;/dx;—OX ;/dx;, and so that 
(2) may also be written in the form 


(3) = >> an — —- 


* Lecons sur le Probléme de Pfaff, 1922, especially Chapter 1. 

} For example, if the first method of Chapter I is used, care must be taken, 
in the series of necessary reductions, that at each step the ); (pages 11 and 12) 
do not all vanish at the origin. The present paper does, in effect, just this. If 
the more advanced method of Chapter 4 is used, it would be necessary to com- 
pute the derived forms. Also the most available results of Chapter 4 are stated 
only for the analytic case. 


n 
k,l=1 
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LEMMA 2. Consider the system of ordinary differential equations 


dx; 

dyn 
where the f; are defined and of class C’ in the neighborhood of the 
origin. Let gi(yi,- Yn—1, Yn) be the solution which satisfies the 
initial conditions Xn-1=Yn—1, Xn=0 for y,=0. Then 
the g’s are of class C’ in the neighborhood of the origin, and, if the 
equations x;=gi(v1,--* , Yn—1, Yn) are thought of as defining a 


transformation T of the neighborhood of the origin into itself, then 
T is non-singular if f,(0,--- ,0)#0. 


The fact that the g’s are of class C’ is an immediate conse- 
quence of a well known theorem.* The rest of the lemma follows 
from the obvious relations 


Og: 
= 4;;, (¢=1,2,---,#), 
OY; 
(4) ‘ 
= f(0,---, 90), Gj = 1,2,:--,#— 8). 
dy; 


For the jacobian of T, evaluated at the origin, turns out to be 
exactly f,(0,---, 0). 


Lemma 3. Consider a Pfaffian X;dx; satisfying the 
following conditions: 
(A) The X’s are of class C* in the neighborhood of the origin. 
(B) None of the X’s vanish at the origin. 
(C) The skew-symmetric determinant |a;;| does not vanish at the 
origin. 
Then there exists a non-singular transformation x;=gi(y1, - + - , Vex) 
of the neighborhood of the origin into itself such that w appears ex- 
pressed in terms of the y's in the form dy; |, where the 
A’s are functions of y1,--~- , Yor-1 Satisfying the following con- 
ditions: 
(a) The A; are of class C*-*. 
(8) None of the A; vanish at the origin. 


* See G. A. Bliss, The solutions of differential equations of the first order as 
functions of their initial values, Annals of Mathematics, vol. 6 (1904-1905), 
pp. 49-68, especially p. 67. 


= 


126 D. C. LEWIS, JR. (February, 


(vy) The skew-symmetric matrix (c:;), where ¢:;=0A;/dy; 
—0A ;/Oy:i, is such that there exists a system of functions 
E:(y1, , which satisfy the linear identities i£;=0 
and > 7*7'A £;=1. 


Proor. Consider the equations 


2k dx; 
j=1 dyox 
Since | a;;| ~0, we may solve for the derivatives, writing the 
result in the form dx;/dye,=fi(x1, , Xen), where the f’s are 
of class C*-!. On account of (5) and (B) it is seen that not all 
the f’s vanish at the origin. It is no loss of generality to assume 
fox(O,--- , 0)¥0, since a preliminary linear transformation 
can always be applied, the effect of which is merely to inter- 
change indices in the desired manner. We now apply Lemma 2 
to the present system, taking »=2k and v=y—1. We proceed 
to show that the functions g;, as there defined, satisfy the con- 
ditions of the present lemma. 
In equations (5) replace dx ;/dy2, by Multiply each 
equation bydg;/dy2, and sum with respect toz. Since a;;+a;;=0, 
the result is }/X;(0g;/0yex.) =0. Hence from (1) we see that 


(6) Yu =0. 


We also have, of course, 0 Y2;/0y;=0, so that (2) yields 
oY; Ogi 0g; 


and, since the g’s satisfy (5), the right member is equal to 
>°X ,(8g;/8y;), which by (1) is precisely Y;. Hence we have the 
result that 0 Y;/Oye.= Y;, or 


(7) VY; = ekA,;, 


where A; is a suitably chosen function of 1, - - + , Yex-1, but in- 
dependent of ye. From (6) and (7) we have 


2k 2k —1 
w= >) Vidy;=e[ Ady:). 
i=1 i=1 


Now the g’s are of class C*-! by Lemma 2. Hence the Y’s and, 
therefore, the A’s, are of class C*~? by (1). By (7), (1), and (4), 
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we have A;=Y;=) 6;:=X;i, (G=1, 2,--- , 2k—1), at 
the origin. Hence (8) follows at once from (B). 

It remains to show that the A’s as defined above satisfy (C). 
It follows from (3) that 


Mes, 2 


Hence we have a unique set of functions &, - - - , £2. satisfying 
the equations 


2k—1 


+ = 0, (4 =1,2,---,2k—1), 


j=1 
2k-1 


> = bj on + 0= (since Dox, bj,2x). 


j=l 


Now 
oY; 
Yok i 
and 
aA; 9A; 
bij = eve = 1,2,---, 2k — 1), 
7 i 


on account of (6) and (7). After dividing through by e”, our 
system of 2k linear equations may, therefore, be written in the 
form, 


2k-1 2k-1 

citi + Ate = 0, Adi = 1. 

j=1 j=1 
The coefficients now are independent of y2;. Furthermore 
£.=0, as is easy to see from Cramer’s rule, since the odd 
order determinant | c;;| is skew-symmetric and therefore identi- 
cally zero. Hence condition (y) is fulfilled. 


Lemma 4. Consider a Pfaffian w=>_*5'X idx; satisfying the fol- 
lowing conditions: 
(A) The X’s are of class C*. 
(B) None of the X’s vanish at the origin. 
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(C) The matrix (a;;) is such that there exists a system of functions, 
Ei(xi, - - Xex-1), which satisfy the linear equations 
2k-1 2k—1 


ats = 0, = 1. 

j=1 i=1 
Then there exists a non-singular transformation x;=g; (y1,- °°, 
yer-1) of the neighborhood of the origin into itself such that w 
appears in terms of the y's in the form >-*>? Yidyi+dyor-1, where 
the Y; are functions of y1, +++ , Yex-2 (independent of yex-1) satis- 
fying the following conditions: 
(a) The Y’s are of class C*~. 
(8) None of the Y’s vanish at the origin. 


Proor. Consider the equations 


d Xi 


© 
It is clear that at least one of the £’s does not vanish at the 
origin on account of (C). Without loss of generality we assume 
that £::(0,--- , 0)0. It is also clear that the &’s may be 
taken to be of class C*—!. We can apply Lemma 2 to (8), taking 
fi=hi, n=2k—1, v=p—1. We show that the g;, as there defined, 
satisfy the conditions of the present lemma. 

For, on account of (8) and (C), we have 


2k--1 2k—1 0 

j=1 
Hence, referring back to (1), we have Yo:;-1=1, while (2) yields 
the result that 


oY; oY; OV 0g; Og1 


= 
Oyor-1 OY: jl=1 OY; OVoK-1 


2k-1 og; 
j=1 l=1 OY: 


This shows that the Y’s are all independent of yo,_1. It remains 


to prove that conditions (a) and (8) are satisfied. 
Condition (a) follows from (1) and the fact that, by Lemma 


| 
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2, the g’s are of class C*-!. Condition (8) follows from the fact 
that, by (1) and (4), Xi]o=Yilo, (¢=1, 2,---, 2k—2). 
We are now ready to prove our main result. 


THEOREM. Consider a Pfaffian X;dx; satisfying the 
following conditions: 
(I) The X’s are of class C‘™*+?, (p=0). 
(II) None of the X’s vanish at the origin. 
(III) The determinant |a; i| does not vanish at the origin. 
Then there exists a non-singular transformation of coordinates, 
valid in the vicinity of the origin, which it leaves fixed, such that w 
appears in the form yodyoi-1 This transfor- 
mation is of class C?*'. 


Proor. Applying Lemma 3, with k=m and y=4m+), we 
write w in the form e*=() (77 1x idx;), where the new X’s are 
independent of x2 and in fact satisfy all the hypotheses of 
Lemma 4, with k=m and w=4m—2+>. Hence, applying 
Lemma 4, we can further simplify w, which now appears in the 
form 


2m—2 
em( Xidx,) + + e72md X2m_1. 


The new X’s, by Lemma 4, satisfy all the hypotheses of Lemma 
3 (with k=m—1, w=4(m—1)+ 5), except that we must verify 
that the new determinant | as; does not vanish. This, however, 
can easily be done with the help of (3) on account of the fact 
that the transformation in question is known to be non-singular. 
Hence we can successively apply Lemmas 3 and 4 again and as 
a result we have w in the form 


2m—4 
€72me72m-2 ds) + + e%2me72m-2d Xom_3 + e72md 


The new X’s are independent of Xem_3, - - - , X2m and are of class 
C4(m—2)+P_ This process may obviously be continued until at the 
end of the mth application of Lemmas 3 and 4 we get w in the 
form 


The transformation at the last application of Lemma 4 is of 


| 
| 
| 
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class C?*'. The transformations at the previous steps are of 
higher class. Hence the compound transformation is of class 
C+. Finally we make the additional transformation: 


Yo = — 1, 
V3 = N4 = em4e76 6% e72m 
Vom—1 = Xem-1, = — 1, 


This transformation, which obviously is analytic with jacobian 
equal to 1 at the origin, leaves the origin invariant and trans- 
forms w into the form (ye+1)dyit --- +(yem-2+1)dyem—s 
+ (yem+1)dy2m—1. This completes the proof. 

It is scarcely necessary to add that, if (1) be replaced by the 
hypothesis that the X’s be analytic, the transformation T 
furnishing the desired reduction of w will also be analytic. To 
see this it is only necessary to make slight obvious changes in 
the previous work, beginning with Lemma 2, where we take 
the f’s and consequently the g’s as analytic. 

In the application to the reduction of the Pfaffian equations 
of dynamics to Hamiltonian form, the condition (II) is of no 
disadvantage. For the Pfaffian differential equations are un- 
altered if to each X; a constant is added. Assuming then that 
(II) holds (for each value of ¢) the equations may be written in 
variational form as follows: 


dyoi- 
t 


where now, since the X’s (and consequently 7) depend in 
general periodically upon ¢, H is not necessarily equal to Q, but 
rather, of course, 


0+ x(%) 


dt 
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ON THE rTH DERIVED CONJUGATE FUNCTION* 
BY A. F. MOURSUND 


1. Introduction. We assume throughout this note that the 
function f(x) is Lebesgue integrable on (—7, 7) and of period 
27; then the series 


(1) yY(- b, cos nx + a, sin nx), 
n=1 


where a, and b, are the Fourier coefficients, is known as the 
conjugate Fourier series. 

It is customary to associate with the series (1) as sum or 
“conventionalized” sum the conjugate function of f(x) which is 
either the limit 


de J, 


or the eas’ limit 


(3)  f2(x) = —— 


and to associate with the first derived series of the series (1) the 
first derived conjugate function which is either the limit 


d 
4) = tim J [e+ 5) +f(2—s) — 2f(x) 


or the equivalent limit 


(5) = — lim * 


s? 


* Presented to the Society, December 1, 1934. 

T For a proof of the equivalence of (2) and (3) see G. H. Hardy and J. E. 
Littlewood, The allied series of a Fourier series, Proceedings of the London 
Mathematical Society, vol. 24 (1925), pp. 211-246 (p. 221). A proof of the 
simultaneous existence of (4) and (5) is given by A. H. Smith, On the summa- 
bility of derived series of the Fourier-Lebesgue type, Quarterly Journal of Mathe- 
matics, (Oxford Series), vol. 4 (1933), pp. 93-106 (p. 106); that they are equiva- 
lent follows from Theorem 1 of this note. 


—— 
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The limits (2) and (3) and, provided f(x) is of bounded variation, 
the limits (4) and (5) exist almost everywhere.* 

In a recent paper,f generalizing (2) and (4), we defined the 
rth derived conjugate function as follows. 


DEFINITION 1. 


at (—1i1)* ctn (s/2) 
(x) = lim J A,(s) ds — 


where f‘* (x) designates the ith generalized derivative of f(x), 


A,(s) = f(x + s) + (— 1)*'f(x — s) 


(6) [(r—1) /2] gst 


f(r-1-20) (x) , 
(x) 
and 
[{r/2]—1 [r/2]—1 qritt etn (s/2 
(7) C= fr--20(x) > (s/ 


We used the limit f(x), which (i) exists wherever f+ (x) 
exists and (ii) exists almost everywhere when d*—'f(x)/dx*-' is 
of bounded variation, as the N,,,, sum of the rth derived series 
of the series 

For use as a sum function in theorems concerning the sum- 
mability of the rth derived series of the series (1) by certain 
standard methods, among which is the first form of the 
Bosanquet-Linfoot (a, 8) method,§ it is desirable to define an 
rth derived conjugate function of the type (3), (5). In this note 


* A. Plessner, Zur Theorie der konjugierten trigonometrischen Reihen, Mit- 
teilungen des Mathematischen Seminars der Universitat Giessen, Heft 10 
(1923). 

7 A. F. Moursund, On summation of derived series of the conjugate Fourier 
series, Annals of Mathematics, (2), vol. 36 (1935), p. 184. Throughout this note 
[ris the greatest integer <r. Hence Co, C,=0. For the definition and properties 
of generalized derivatives see Ch. de la Vallée-Poussin, A pproximation des fonc- 
tions par des polynomes, Académie Royale de Belgique, Bulletins, Classe des 
Sciences, (1908), pp. 195-254 (p. 214). 

t See loc. cit. The Nz, method includes as a special case the second form 
of the summation method defined by L. S. Bosanquet and E. H. Linfoot in 
Generalized means and the summability of Fourier series, Quarterly Journal of 
Mathematics, (Oxford Series), vol. 2 (1931), pp. 207-229. 

§ Loc. cit., p. 208. 
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we define such an rth derived conjugate function, prove that 
the function is equivalent to f,(x), and use it as the Bosan- 
quet-Linfoot sum of the rth derived series of the series (1).* 


2. Definition of fo” (x). Theorems. The function A,(s) is de- 
fined in the introduction only for 0<s <7. We now set for s on 
©) 


A,(s) = f(x + s) + (— 1)**f(x — 5) 


(8) { p(s) } r—1—2i 


2 


where p(s) =s—2km for (2k—1)4<sS(2k+1)z; and we define 


~ 


fe’ (x) as follows. 


DEFINITION 2. 


A,(s) 
lim 
—0 gttl 


(a) = ds — C,. 


The following theorems give our principal results. 


THEOREM 1. Whenever either of the limits f,"(x), fe (x) exists, 
the other exists and the two are equal. 


THEOREM 2. The rth derived series of the series (1) is summable 
to fa (x) by the Bosanquet-Linfoot (a, B) method with a=r, 
B>1 or a>r wherever fa (x) exists and JS, |A-(t)| dt =o(s'*), 
as s—0.T 


3. Proof of Theorem 1. We use the following lemma in the 
proofs of both Theorems 1 and 2. 


* An rth derived conjugate function of the type (3), (5) is defined by A. H. 
Smith in a recent paper, On the summability of derived conjugate series of the 
Fourier-Lebesgue type, this Bulletin, vol. 40 (1934), pp. 406-412; however, it is 
impossible to give good conditions for the existence of his function. A simple 
example will serve to show this. Let f(x) =sin x; then the second derived con- 
jugate series is cos x and converges to 1 when x=0, while for x=0, Smith’s 
g(x) =lime.o— (4/2) fo (sin t/t®)dt and does not exist. All further references 
to Smith are to this paper. 

T We give this theorem primarily to illustrate the use of the function 
fro(x). The condition dt=0(s"*) is equivalent to the condition 
Jc(|A-@| /t")dt=0(s); see Smith, loc. cit., pp. 411-412. 
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1. For s on (—1, the series 


(— 1)’r! 4 >) 
converges uniformly to the function 
1 d* ctn (s/2) + (— 
ds’ 
Proor. The lemma follows upon differentiating termwise r 
times the series 1/(s+2kr) which converges uniformly on 
(—7, 1) to the function (1/2) ctn (s/2) —1/s.* 
PROOF OF THEOREM 1.f Since A,(s) is of period 27 and the 
functions 
A,(s) 1 d*ctn (s/2) (— 


ds* sttl 


sttl 


are even functions of s, we have, using Lemma 1, 
€ € 


12 Als 
-f (s) AS) 


(2k—-1) 


* A, 1 A 
-{ (s) ds + r(s) — ds 
As 
sttl 


(- ~f d’ ctn (s/2) (- 


2r! 


sttl 


Ph. {> 1 d’ ctn (s/2) 


srt 


Il 
a > 


* T. J. I’'a. Bromwich, Theory of Infinite Series, 1926 edition, pp. 216-218. 
t This proof was suggested to us by the proof of the equivalence of f1(x) 
and f2(x) given by Hardy and Littlewood, loc. cit., p. 221. 
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1)" d’ctn (s/2) (— 1)7+r! 
44> + bas 


ds* 


EEO as + oft) a5 «+0. 


2r! 


The theorem follows when we multiply by the constant factor 
—r!/r. 


4. Proof of Theorem 2. We base the proof of Theorem 2 upon 
the proof of an analogous theorem given by A. H. Smith, and 
use as far as possible his notation.* The use of fo (x) instead of 
Smith’s g(x) as sum for the rth derived conjugate Fourier series 
complicates the proof of our theorem. f 

In addition to Smith’s lemmas we need the following funda- 
mental lemma. 


LEMMA 2. For B>0O, 


{(r—1) /2] fr 21) (x) _(r) 


Proor. Using Smith’s Lemmas 1 and 2 and our Lemma 1, we 
havet 


r—1—2i _ (r) 1 r—1—2i _ (r) 
0 


(2k+1) r—1—2i _(r) 
= f (t — 2k) 
—20 ( 


2k—1)r 


_ (r) 
fs Ar41, a(n, t 2kx)dt 


* Loc. cit. The analogous theorem referred to is Smith’s Theorem 1. 

T See, however, the footnote in which Smith’s paper is first cited. 

t We assume throughout this proof and the remainder of this section that 
the reader is thoroughly acquainted with Smith’s paper, loc. cit. As an im- 
mediate consequence of Smith’s Lemma 1, his Lemma 2 holds for all ¢>0. 
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1 > ( > 
=— (— 
2 j=1 
(r —1— 2%)! 


r—1-2i * (2i+1) 
+ 1) (r-—1-—- f + 


—1—2i 


2i 


(r — 


2i-i 


— (r—}) (i), 
(2k + 1)x} — (—1) (2k — 


(r/2}—1 (r — 1 — 21)! { — (27 + 1)! 
o(1) asn—> 
{ (2k 4. 
When r is even [(r—1)/2]=[r/2]—1, and when r is odd 
[(r—1)/2]=[r/2], but the term where i= [(r—1)/2] vanishes. 
The lemma follows when we multiply by the factor 
2(—1)*f°-*-2®) (x) /(r—1—22)! and sum with respect to 7. 


PROOF OF THEOREM 2. To prove our Theorem 2 we replace 
w,(t) by A,(#) in the preliminary material and proof of Smith’s 
Theorem 1; then using Lemma 2 we see that the mth partial 
Bosanquet-Linfoot (7, 8) sum of the rth derived conjugate 
Fourier series is 


(9) J=(- — C, + o(1) asn— 
0 


Equation (9) takes the place of Smith’s equation (13). To the 
right-hand sides of his equations (14) and (15) must be added, 
respectively, C2+o0(1) and —G,4,;+0(1). When modified as 
indicated above, Smith’s proof establishes our theorem. 
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ON SYMMETRIC BERNOULLI CONVOLUTIONS 
BY AUREL WINTNER 


In a previous note* a class of sequences {a,} has been de- 
termined such that 


[I cos (a,¢) = O(exp (— At”)) ast> + 0, 
n=1 


(1) 
a,>0, 
n=1 

where A >0 and y>0. The role of this estimate was that of as- 
suring a high degree of smoothness for the distribution function 
having the infinite product as Fourier-Stieltjes transform. In 
fact, this distribution function is an entire function if y>1, it 
is regular analytic if y=1 and it has derivatives of arbitrarily 
high order whenever there exists a y(>0). For the sequences 
{an} in question and also for some more general sequences a 
simple proof of (1) will be given by means of an appraisal indi- 
cated in the reference cited. This appraisal has the advantage of 
being valid for every {an} and it gives results also if (1) is not 
satisfied. It implies for instance the fact that the infinite product 
—0 as t+ in cases of the type a,=c-”, where c>1 and 
0<6<1. 

The nth factor of (1) does not come near to +1 if 1<a,t<2, 
since this limitation implies | cos (ant)| <2/3. Thus 


< 


[] cos (ané) 
n=1 


if 1<a,t<2 is satisfied for K = K(t) values of n. Now 
K(t) = N(2t) — Nid), 


if a, =1/t holds for exactly N(¢) values of n. 
Thus if a,=n-*, then N(#)=[#/], hence for 


* A. Wintner, On analytic convolutions of Bernoulli distributions, American 
Journal of Mathematics, vol. 56 (1934), pp. 659-663. 
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some C>0 so that (1) is satisfied by y=1/a. Similarly, if 
N(t)~t8S(t)*!, where 8 >0 and S(é) is, as in the reference cited, 
a “slow” function, then (1) holds for every y <8. If 1/a, is the 
nth prime number, then (1) holds for every y<1 since K(é) 
>C? in virtue of the elementary inequalities of Tchebycheff. 
Thus it is not necessary to use the prime number theorem 8 = 1, 
S(t)*!=1/log t, applied in the reference cited. Correspondingly, 
the present method enables us to prove (1) also for sequences 
for which N(é) is not 
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PROOF OF THREE PROPOSITIONS OF PALEY 
BY M. FEKETE 


1. Introduction. In a letter to Fejér,* Paley stated three in- 
teresting propositions concerning Fourier series of bounded and 
continuous functions whose Fourier coefficients satisfy the con- 
ditions na,, nb, = —K, K 20. The letter of Paley contains only 
a very brief sketch of the proof. After knowing Paley’s results 
the author succeeded in developing complete proofs with vari- 
ous improvements of the estimates, and even in extending them 
to a wider class of Fourier series of almost periodic functions. 
These extensions will be treated elsewhere. In the present note 
we prove the following three theorems. 

It will be assumed throughout that f(x) is real-valued and 
periodic, of period 27, and Lebesgue integrable over (—7, 7). 
Let 


(1) ~ ao + (a, cos nx + 5, sin nx) 


n=1 
be its Fourier series expansion and let 
(2) Sn = = ag + (a, cos vx + b, sin vx) 


v=1 


* This letter is reproduced in a note by Fejér, On a theorem of Paley, this 
Bulletin, vol. 40 (1934), pp. 469-475, especially pp. 474-475. It was communi- 
cated to the author by Professor Fejér in September, 1933. 
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be its partial sums. We also assume that the Fourier coefficients 
a», b, satisfy the inequalities 
(3) nad, = — K, nb, = — K, 
where K is a constant that is not negative. 

THEOREM A. If f(x) is bounded and 


4) sup | f(x) | =L, 


then 

(5) | sn(x)| S$ 5L+ 6K. 
THEOREM B. Under the same conditions we have 

(6) | | SL + 8(KL)"2, 


THEOREM C. If f(x) is continuous and conditions (3) are satis- 
fied, then its Fourier series (1) converges to f(x), uniformly for all x.* 


2. Proof of Theorem A. The basis of the proof is the classical 
Fejér inequality, | on(x) | SL, for the nth arithmetic means of the 
sequence {s,(x) }, which being written explicitly reduces to 


(7) ay + ~) (a,cosvx + b,sinvx)| SL, (m2=1). 
n 


Using the same idea as in the note of Fejér referred to above, we 
apply (7) to the Fourier series of 26(x) cos nx and 2y(x) sin nx 
where 


1 
(8) ¢(x) = + f(—-x)} ~ao+ > a, cos vx, 


1 
(9) ¥(x) = 5U@) —f(- x)} ~ > 4, sin vx. 


* Theorems A and C incorporate the two theorems in Paley’s letter, while 
Theorem B corresponds to his lemma. Theorems A and C were discovered 
independently, and proved by a different method by Sz4sz, Zur Konvergenz- 
theorie der Fourierschen Reihen, Acta Mathematica, vol. 61 (1933), pp. 185- 
201. Our estimate (5) is sharper than that of Sz4sz, and there is no doubt 
that it is capable of further improvement. The interest of Theorems A and B 
lies in the fact that they furnish universal estimates for partial sums s,(x) of 
all functions of the class under consideration, in terms merely of L and K. 
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For every »21 we have 


(10) 2(x) cos nx ~ = a, cos (v — n)x + > a, cos (v + n)x, 


v=0 

(11) 2y(x) sin nx ~ > b, cos (v — n)x — i. b, cos (v + n)x. 

On applying (7) we derive 


cos (m — v)x% 
n 


(12) v=0 
+> ) a, cos (» 
nN 
(1 cos (m — v)x 
| y=1 nN 
(13) 
nN 
+ > (1 cos (v — n)x| S 2L, 
v=n+1 
whence, for x=0, 
(14) + > (2n — v)a,| S 2nL, 
v=n+1 
(15) as > (2n — v)b,| S 2nL. 
v=n+1 


Formula (14) being combined with (3), yields 


0< (oa + K) (a, + K) S 2n(L + K). 


v 


Now, again by (3), 


< > (va, + K)| cos vx| + K cos vx 


< (2L + 3K)n. 


(16) 


COS VX 


In similar fashion we derive 


n 


yk vb, sin vx 


v=1 


(17) < (2L + 3K)n. 
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On combining (7), (16), and (17), we immediately get (5). 


3. Proof of Theorem B. We start with the identity indicated 
by Paley, 
— mMom(x) 


(18) = + R(x), 


where 


= 
(19) on(x%) = ag + ~) (a, cos vx + b, sin vx), 
nN 


(20) R(x) = (n—m) is (v — m)(a, cos vx + b, sin vx). 


By (7) 


| No,(x) — Mon(x) | < (n + m)L 


n—-m n—-m 


(21) 


On applying (7) to the (1—m)th arithmetic means of the series 
(10) and (11) we have 


> (1 cos (w — v)x 
m 


Sn—vSn—m 
y—n 
+ (1 ) 0s (v — n)x| 2L, 
0<y—nSn—m & 
n—v 
Zz, (1 cos (n — v)x 
0fn—vSn—m 
(23) 
y—n 
(1 = cos (v—n)x| 2L, 
0Sv—nSn—m 


whence, for x=0, 


n 2n—m } 
(24) v—m)a,+ (Qn—m-—v)a,| 2L(n —m), 
v=m-+1 y=n+1 
n 2n—m 
(25) > (vy — m)b, + >» (2n — m — v)b, | S 2L(n — m). 
v=m+1 v=n+1 


Formula (24), in view of (3), yields 


= 
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0< ¥ Kh) s — + Kp) 


v=m+1 v=m+1 
2n—m 2n—m 

+ >> (Qn v)(a,+ K/v) S (n—m) (22 +K > 
v=n+1 v=m+1 


Thus we have 


> — m)a,cos vx} — m)(a, + K/v) cos vx 
(26) ¥ = (» — m)(K/») cos vx 
< xo — m)(0, + + K —m)/v 
< (n—m) (2 +K ify + K 


and, similarly, 


> @ — m)b, sin vx 


v=m+1 


(27) 2n—m n 
< (n > 1/r). 


v=m+1 v=m+1 


Taking into account the well known inequality 


ijv< 


(i Sa<&8), 
a 

we obtain an estimate for R(x), 

(28) | R(x) | < 4L + 2K log (n(2n — m)m~), (1S m< 

From (18), (21), (28) it results that, for 1 < m < n, 


n+m 


n(2n — m) 


(29) |s,(x)| < (4 + ) + 2K log 


m? 


We propose to show that (29) and (5) imply, for an arbitrary 
5>0, 


(30) | s,(x)| S$ 5L+4(L/6 + 


— 
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If this is shown to be true, then (6) of Theorem B follows at once, 
since always 


(KL) < + 


with the equality sign (only) in case 6=(L/K)*/? and K>0. 
To derive (30) from (29), we observe that, unless 


(31) n< (2 + 6)(1 + e)(e* — 1 — 


the interval (2n(1+e*)-!, 2m(2+6)-1) contains at least one 
integer m. For such an m we have 


6 nN 1 
1+-<—<-(i+eé) <e', 
2 m Z 


n 2n 
log (n(2n — m)m~*) = log + tog (“- 
m m 


< log + log = 28, 
whence, by (29), 


| sa(x)| S + 4(L/6 + Ko). 


Suppose now that (31) holds; (30) follows immediately from (5) 
if 6523/2. Finally, if 0<6<3/2, then, by the Cauchy-Schwarz 
inequality and Parseval’s theorem, 


| sa(x) | < | ao| + > | a, cos vx + 4, sin vx| 
y=1 
n 1/2 
< |ao|+ (x > (a? + i2)) S (1 + (2n)"?)L 
{1+ (2 + — 1 — 


But, if 0<6<3/2, we have 
e&< 3445, 
16(1 + 6)? > 4(1 + 6)(1 + e*) > 267(1 + 5)(1 + e*)(e® — 1 — 5)-' 
> 6(2 + 8)(1 + — 1 — 8), 4 
1+ (2 + 6)'/2(1 + — 1 — 8) << 4+ 
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and again (30) follows. Thus (30) holds for all 5>0 and the 
proof of Theorem B is now complete*. 


4. Proof of Theorem C. Theorem C is now easily derived from 
Theorem B. Since f(x) is uniformly continuous we have by 
Fejér’s theorem, 


(32) max | f(x) — o,(x)| = M,>O0asn>@. 


The Fourier coefficients of the function f(x) —¢,(x) are given by 


n b, 
B, ? 1), 


n 
(n) 


Conditions (3) obviously imply analogous conditions 


(n) (n) - 


On applying Theorem B to the Fourier series of f(x) —o,(x) we 
have 


n 


| S,(x) — o,(x) | = >() (a, cos vx + b, sin vx) 


(33) v=1 
< 5M, + 8(KM,)"”, 
and finally, 
| f(x) — sa(x)| | f(x) — on(x) | +| on(x) — | 


< 
(34) 
< 6M, + 8(KM,)"”. 


This proves Theorem C and, at the same time, gives infor- 
mation concerning the rapidity with which s,(x) tends to its 
limiting function f(x). 


Tue EINSTEIN INSTITUTE OF MATHEMATICS, 
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* Formula (30) is of the type given by Paley, | sa(x)| <K6+LM,; (loc. cit., 
p. 474), but has the advantage of giving a simple expression for M;. 


x 
(n) va, 
ay, 
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